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TRUNG HOC CO S&
l. Vin mgi clip da thie f(x),
g(x) = 0, t6n tai duy nhit cip da thirc g(x), r(x)
f(x)=g(x)g(x)+r(x) va bic cia
r{x) nho hon biic cia g(x).
0, thi da thire f(x)chia hét cho da

#(x) trong do

sa0 cho

- Néu r(x)=
thure g(x).

- Neu r{x) =0, thi da thirc f(x) khong chia hét
cho da thirc g(x), khi d6 g(x) i da thire thuong
v ri{x) la da thirc du.

2. Ba thirc dir khi chia f(x) cho nhj thirc (x—a)
hfmg gid trj coa da thire f(x) t x=a.

3. Pa thirc f(x) chia hét cho (x—a) khi va chi
khi f{a)=0.

I, XAC PINH PA THUC TRONG
CHIA PA THUC.

PHEP

Bai 1.1, Cho ofa thir

Flx=2 G 19" = | Dox 4=

Biér Pixy chia hét cho x+3, 1im 56 che r ki chia
Pix) cho x

Léi gigi. Tir P(x)chia hét cho (x+5) nén
P(~5)= 0, do db:

(—5) —H=5)" —19(=5)" +106.(—5)+m=0
== —120. V&i m=~120 thi

P(x)=x' —4x =19x" +106x—120.

Khi d6 s6 & du r khi chin P(x) cho x=3 li:
r=P@)=3"—-43-193 +1063-120=0.

Nhin xét. Bl toén xic dioh gid tr du kbi chia da -

thitc biic 4 cho nhj thire bic nhit.

wgw a}nnmhmmg,m

Bai 1.2. o) Tim da thirc dee Rhi chia da. thisc

- 20 1= =) 0

2a+ b= —3539503511
—2a+ b= —8590065663

Viiy da thirc dur ciin tim 13: 429467296
hu:-umﬂm:ma.:hm1:'11-:mﬂuzmlpqy,g;lzq:u&urH
V™ x4l -[.1'1 -l}.ﬂtﬁ}h
Thay x ===l vﬁﬂ&hgthﬂcw.‘
a+b=2022 g ]
—~a+b=0 PRy

Viy da thirc dir ciin tim 1a: lﬂlht.llm.. '.

Nhdn xét. Bii toén xac dinh da thirc d
thirc chia la da thicbiehai.

Bai 1.3. Khi chia da thirc x* cho x5 = tad

thiremg ft'l fix) wa dee li 56 i K

cho !.-'—E ﬁlmmh * )
.

EH‘IFI. L ® l

: i ¥

ag=b=101 .

Cho x=a thi n=4d", dodd: 2
Sy =2 _.

|
Ta cé: (:F-I»aﬂ}{

Ay

- |
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i : fa da
! Bai 1.4. Tim da thic dir r(x) cud phép chia

' 41), bidt f(x) chia cho

?’lﬂ.i‘.’fﬁ‘-’lﬂ? I!:acg;aak. com/letruneiienmath

thire f{x) cho {x~ I]{x

f(x) chiacho x' +1 dit ¥t +x+l

L gidi. Taco: flx)= f_r-—l}l:x’ + 1]q{x}+ax’
b 4 v 4-d (a,b.c,d ER) (1)

x—1 dir 1,

flx)y=[x" -r-lli{x— gl x) -I—ﬂ] Lhd bex+d—a (2)

Do f(x) chia cho x' +1 du X +x+lsuy ra
b +ex+d—a=x" +x+1 voi moi x, do do

b=le=1d-a=1 (3). Lyico f()=], tix (1)

suy ra; a+b+c+d=1, Két hgp vai (3), suy ra:
T = a L f:
[ati+1+e o e
lt! o ]

=

Viy rix)=—-x'+x +x

Nhdn xér Bii todn tim da thirc dir dira vlo quan
hé giira hai phép chia co du.
Bai 1.5. Cho da thicc P{x)=x"
d co die la x va P(x)
. Trmda ithicc Pix).
Lai giai, Thyc hién phép chia {a co:

P(x) chiacho x* +d du (b+d)x+c—ad+d’;

x +ar +hcdc.
Biet Plx) chia cho x°

cria cho x° d codirla

P(x) chiacho ¥’ —d du (b—d)x+c+ad+d"
Pong nhat cdc hé 50 ta co;

h+d=1 h=10 a=0
c—ad+d =0 d=l] lb=0
b—d=-1 = le—ad+d =07 |e==1
c+ad+d*=0 |ctaed+d =0 [|d=l
Viy P(x)=x'—x"—1.
r Nhn xét Bii todn tim da thirc bj chia bic 4
tllﬁngquahmpbépnhmuﬁdw IRE

Bai 1.6. Chudn!.ﬁm?

F{x]—-f{:}'.(mr’ +mx+n)-
& Px)= {£+ﬂ4~ﬁ){
Ta cf fn=L1A= )t
r(-1)=15r( r)=5%r(2)=35 = |
T P(-1)=18P(l 1) =—20; P(2) =75,

trinh: _
phuong Al St .
amn=5 = ﬂ+m+ﬂ_.___;_'. 1
da+2m+n=10 4a+2m+n=10
m==—1 a=2
ola—1+n=5 «{m=—1% ._
da—-2+n=10 |[n=4 "

Khai trién va thu gon ta ol :
P{"'} 2x* 4 5x* =T +?JJ_‘141""’1 y

Nhin xét. Bai toan tim da thirc bi cﬁlﬂkﬂ,_ €
da thirc chia va da thirc dur, dong théi biétr nd
gid trj ¢ia da thirc bj chia. :

1. TIM CAC HE SO CUA m:ﬂ:'u’m
PHEP CHIA PA THUC. ;

Bii 2.1, Cho da thite m}:{m.; ,",‘"'

lity thiea 1¢ ctia x.
Léi gidi. Ta co

A =.1_'-:1‘,;FT"'--15‘:“-| +~A
f{rilﬂhﬂlﬁtﬂcahﬂnun
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BAi 2.2, Khai tridn bidu thice [jlwﬂ-ﬁ‘@ Mt

dvgre da thire a, + a.x + a,x° A errreF DX n ﬂl'l'ﬁ
gid i cua bidwu thire i
M = a, =30, + 90, — 276, it [=3) " Big) =
Lévi gidi. Dt
F'{x'}:[l+?x+lr’]“ =dq, +a[.r+a,.r’ +.,.L.+ﬂ,,f";
M=qH-3)4 +[—3]I:.a: +[—3}1.¢Jj +.,..+[m31ﬂﬂm

= M = P(-3) :[I +7.(=3)+2.(=3) r

=(-2)" =-32768.
Nhgn xét. Bai toan tinh gid trj cia biéu thirc dya
vio tinh gid.urj cia da thire i x = -3,

i Bai 2.3. X&' da thiee

i s 1 200N Jean
P(x)=|l—xH-x =% P o 2™
" : ] NFL Jg
[l == KX =X = X =+ X :I
Khai trién va viel
e
Plxl=a, +ax T 0% 9 (v I
Hay tim O = Gy @ iy = + L onan

Lai gigi. Xé1 Plx).(x+ 1){x=1
d J 3_;.1” i nm'}[x_i_ 1}

4 I:D“ + .t:mu']l(.l‘-' 1]

'—1)

[1- x+ xF=x 4

<(14+x+x"+x + ...
e % G
= P(x).x" —” —1.

)=(F =1+

P TR o S 1

&= F{':}Ir —I}

m.

_Jr..,_r.l1x||_[f-_ i P '+'.‘r+l)

= P(x)=x*"*

Suyra S=a, +a ta + St Oann
-F[]}-I+l+l+ .+1=2021.

Nhdn xét. Dé tinh tng cic h¢ so cla da thir,

tnrére tién rat gon da thirc mdt cdch hop ly.

Bai 2.4. Cho da thic
P(x) = ¥ ™ +0x7 + e -2016x +1

théa man: P(x).chia cho: X—2 du 4 va chia cho P{Jﬂ :

britl) e I.F-II A3 vy

x—3 diel. Cho

O(x) = x’ﬂ"+a§-ﬁ’nhbr”’" -ﬂqﬂ%ﬁﬁﬂimw L-
Tk gid ] ¥

ﬁ&a hét cho  (v=2)(x
LS --"?'.’- £

Il'll"

..-Hr'

rly-a0i=7 AR

|__ J

A EE

n-3
Hﬁiuﬂf.ﬂiiluintlnh
sﬁcuadnﬂz{mh:nhh

et bﬁ.ﬂg 1. Biér (= '3;&: 3) ?ﬂ":”‘:"
Tink f(=2)+T7.f(6) By i '
Livi gidi, Ta co: _ “:..-.
f)=3=F +2/@)=11=% +‘2;f$1= =8 45
Bllg{z]-f{x‘j——{f-l—i} ta co 3(5]‘-= m_
Suy ra: g(x)= (x—D(x=3)x~ .':3;3:_1- 1
Do d6: fix)=(x—1)(x—3 [x—ﬁ}[;.:dk
Ta co: L'
e 3.'I= =3 [-5!'»( ~T). {—2-* k]-}-ﬁiiﬂ.f;# _

'-J'l

thirc ¢6 biic bon b'nng céch dat :
phu hop nhéin céc gid tn lam nghigm.
Bi 2.6. Cho hai da ;ﬁ'ﬁ:
P(x)=6x" —Tx" —
va Olx) = x +bx
Xdc dinh a.b de:!n:lhﬂq () €
L gidi. Thye hién phé
P(x)=0(x). [ﬁf (

CFLY
du s
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Sl
' Gidi phiromg trinh (2) ta duge ﬁe{—li-ﬁl.
I Vi b= —1 thay vao (1), tim duge @= 373

Vi ﬁ=—ﬁ—| thay vao ( 1), tim durgc a-——ﬁ—.

¥ .03 73 |
Viy cdp (a,b) can tim la: [3;- 1), [—-—-- -,
Nkgn xét. Bii toan xiac djnh hé <0 cua da thirc de
duge phép chia hét bing vige thye hign phép chia
hai da thirc.
s cltia
)= " t 2x+1 cho (x—1)

dirgre &6 dhe 16 8 ver ehio PixY ehe (1

2.7 thiec

K du

Rl o o T .J'"I“ t |:'[.:.
2) dhirgre
K% eloe T

3. Hdy tim cdc 36 thiee A B bict da thire

CNx) t ax” 4ohe' + Ax

- B ehia hét
[ -'I!' J |'-||I| ]

phare | 1 = Ax 4 21
Lai giai. Tacd: P(1) =5
= |+ *-.‘I' 1 L_:'_.!—I___q-\.::}!'J 3 f;u_'..p—l_
Lay e _Ffz_l i

T

Al -
> 2 e S

FE2T e 2™ F 220

2" g 2% 4 o
I €Xx) chia hét cho da thire
[ =3+ 2 =(x=INr—2) suy m Q1) = (2)= 1.
Taed: Q)= 0= 140 e i 4l B=0
== A+ B Fram
Q(2)=0=2"+42 4+ 2" 12" o4t p
r2d+BE=9 (D),

Tir{1)va(2)suyra: A= | LB=—13,

Nhgn xér Bai todn xdc dinh h¢ 56 eta da thire

trong phép chia ¢6 dir va phép chia hét cua da
. thirc,

Bai 2.8. Xde dink cic hé 56 -a,byecia da thiec

P(x)=a +by" +ex -2007 sao. cha khi chia
P(x) cho (x~16) diege 56 dir la 299,33 Hl'i' Q“Hﬂ

P(x) cho {.r —IUx+ZlJ .I'fﬂ' d&q:m ﬂii_' la

10873 AR
____lﬁ -x— 3750,
4 _ LSRN
Lai gidi, Ta co V=L, m*‘wﬁ

St -5-""-\1

Pﬂﬁ}=zgms=mwsma%y. 00 "”’“

7 —"..- A "'1 'I" L

il

#Iﬁﬁ.ﬂ+lﬁ.ﬁ*d

Ta co: Plx)= (* '3}{"" ~T2@E

27381

P3)=- 16

Suy r
27381

a3 +03 +63-2007=="¢

| 577
o +c= 16

(2}

16111 b T Hel= zﬂﬂ?n t~
Pf?h=“T'_”"? ! 16

6889
¢ 49a+Th+e=——— (3.

il
|

10y,

[Eﬁﬁﬂ+|ﬁb+¢:—
Tir (1), (2) va (3) co hg:
Pa+Tb+ec=

G hé phuong trinh, tim duge:
a=T,b=13,c=-3,4375.

Nhin xér. Bai win xac dinh hé s6 cua da thirc b
chia ¢6 bic ba trong hai phép chia cé dir,
l1. XAC PINH DA THUC KHI BIET CAC
GIA TR] CUA PA THUC
Bii 3.1 Tim da thie bic ba P(x) bidk
PO0) =10, P(1) =12, P(2) = 4: P(3) = 1. 4
Ldi gidi. Goi da thire cin tim la:

Plx)=a + b 4 ox 4 d. R
Do’ P(0)=10nén d =10, Do P(1)— =12PQ)=4;
P(3)=1 nén ta c6 h¢ phwong trinh:
atbhte=2
4a+2te=—32 3
a+3b+ie= --%

'[ﬁ-l-rb-llknhﬂw_a o




.

Lo gidi, :ﬁ.r P(1) =1, P(2)=6,P(3) = l ]"'ﬁﬁfﬁﬂi
Phal'+b) +al-13=1

P LaP + b e2=13=b

s ad bF +03=-13=1]

a+bte=13 (1)

s lga+db+2c=3 (2),

Qg +3b+ec=—19 (3)

Suyra (a+b+c)+ (9a+3b+¢)—(8a+4b +2¢)

=13-19-3 & a=—47.

Thay ad——4.5 vao (1) va (2), suy ma:
_A54+b+e=13 b+o=175 b=2
8(—4,5)+-4b+2c 4h --1':.-:39@‘L~=I5‘5'

Viy Plx)=x" —4 Sx' +2x" 4 15,5x=13,

Nhin xét. Ba F-.:;in xie dinh da thirc biic 4 can tim

ba hé so khi biét ba gia trj ¢ia da thire,

Bai 3.3. Tim da thiee Plx)= e e ectd,

iér Ploy= P(1)=12; P(2)=1; P(d)=100.

Léi gigi. Tir P(0)=12, suy ra d =12 . Ta cb da

thire P(x) = x' Lo’ + B F 12,

Tur P(1)=12: P(2) = 0; P(4) = 60, ta co:
a+bt+e= ~1
da+2b+e=-14.
16a +4b+4c=—52

Giai hé tim duge: a=—2,b= —T.c=%8.

Viy Plx): =yt —2x? =T +8x+12.

Nhén xét. Bai toan xic dinh da thirc bic 4, cin

tim bén hé s6 khi biét bon gid trj cla da thirc, cach

giai dya vao viéc gidi h¢ phuong trinh ba an,

Bai 3.4. Cho P(x) la da ke bac 4 ¢6 hé 50 cao
nhat bang 1, thoa man: Pl~2) 24t P(= )=
P} = —11; P(2) = 6. Tim da thic P(x), g
Léi giai. Cach 1. Bt
P(x)=(x+2)(x+ I)(x — LHEE=2)"
fafx+2)(r+ D) +b{xlF-!‘2)[-f+ﬁqfﬁ?+EJ
vi P[-:‘Z} = 4#&&4«3&&&&” z "-l&-

i & . j& -.L | ' ':..

"II lI-"'-

i P%T"

24 o
P(x)=x +3.':']I _Ef

Cich 2. Tit P(—1)=—2,P(1)=—11;E
Xét da thire biic bon ((x) ={;’-~1§Lﬁ-_1 s
Taco O)=0Q)=0(-)=0C-2)=0.
Gid sir P(x) = O(x) + ax b +m‘—|—d

Aol
—!I_—ﬂ-i'b"'f"“d »

6=8a+-4h+20+d ?«b+2ﬂf —51,3#
2=—qa+b~c+d Eb+?.d' 10
4=—Ba+4—2c+d

Su:rrnu—ip-_ﬂ- o4 e
3’ 6 "

Viy P ={¥ =-1}{# -4}+ﬁ£+¥é§
Khai trién va thu Eﬂl‘l‘-’l’ﬁ b :
il

ﬂwﬁ‘ﬁ i'

P(x)=1x* Bl L
s E S - Y AR

Nhn xét. Bai toin xic am%aa hirc bic

tim bén hé sﬁ‘k‘l‘u Eﬁ'l. bﬁn,gﬁi"

Cach giai 1) dya vao 1{%’;1

céch phi hop. Céeh gidi 2) 14p h¢ phuong

in. et e i RS

Bai 3.5, I&rﬂm




c=6—a c=6—2
h+d=8 d=8-5

8 3 =3
ﬁa+4b+d=29 fHa ==
240+ 9h+ d =80 2a+8b=T2

Tim duge: a:.'-'_,b=3_:.'=4.tf=5.
Viy Px)=x" +2x* +3¢" +4x° +5x +6.

Nhdn xét. Bii todn xéc djnh da thirc bc 5, cin

tim bén hé s khi biét bin gid trj cia da thirc.
Bai 3.6. Xac Jinh da i

Pix)=x' +a’ 4 hx' +oc +dete
5 5
biét P{=1) 2=Pil) = 1-]-, P()==T=;
4] 4] i ]
P{—13) |'j‘_ Pi4) :|!
. 3
Laid gigi Ta ch:
; 5 .
Pl=l)==-2==-2(-1) 4.1_[.”_1-_
G 3 2
F“.;"——-_"—I-' -2.1 r~] !——[ .....
& 3 2
Pl4)= 3]1— -2 4% 4 -E_4_l
. 6 3 >

it Ofx) = P(x) - {—Ix: -+ %.r ~ :H Ta co:
=1 = Q1) = 0(2) = G(—3) = (4) = 0.
Do 46 Qx) cb ciie nghiém —1: I; 2+ — 3 4.
Suyra Ofx)=(x+1)x—=1)x— 2)(x + 3 x—4),
Dodo: Plx)=(x+ I}x=1)x- 2)(x+3Nx—4)
1

1
=2 —x—=
N

=x" =3 =11 +25x° +%!-x—j§.
Nhén xét. Bai toin xic dinh da thirc bic 5 cén tim
nam hé s6, khi biét nim gid trj ca da thirc. Biing
cichdlldlthﬁnuungﬁmnhlndngﬂniﬂ

nghi¢m cia da thic trinh |
trinh $ dn, (MR SN e
nﬂl?- Ch' lh'fﬁﬁr T4

S =ac’ +be' + o'+ de 4 ex 4102017,
L

F*’h_ ”fm‘ﬁ_lf 5‘#.:“ Siaiat

9, f(12) = 12,

TR

‘A2
+.=f+e+lﬂ_‘1ﬁ16] nén - i
fm=b+c+d 1
Lai co ﬁl]=a+b+e+d+¢+ u:-...._
Do 46 f(x)=—% +hx' +od TA &
pit O(x)= f(x)—* Do f(3)=3/
£(12) =12, £(2016) = 2016, -
suy mm3]=@9]=§?[12]=ﬂfzﬂlﬁ? = {),
Qfx) co 4 nghigm 3:9: 12; 2016,
Suy ra: (x)=—{x—3Nx ~ 9 x 12} x—2016)x
Vily ﬂ.’.ﬂr——-{.r—!-:{.:—'?}{;—l!}{x-}mm -m)
Lai co: ki
£(0) = ~(—3).(~9).(~12).(~2016)(~m)=102¢
102017 .. X
T

1R207|
653184)
Nhgn xét. Bii todn xéc dinh da thirc bic 5 clin §
nim hé s, khi biét nam gid trj cla da thirc. Bi
cich djt da thire trung gian nhin cdc gid trj |
nghi¢m cua da thirc. ]
Bai 3.8 Da thire i
Pix)=x*4+a + bx" + X +d’ +ex+ I
c6 gid 1rj 3; 0; 3; 12; 27; 48 khi x ldn et nd
gid trj i 13 2: 3.4, 5,6, Xdc dinh da thize P{x),
Lo gidi  Ta o  P1)= 3231
P(2)=0=32-2)'.; P(6) = 48=3(s-2
bat Q[x}-ﬁ_{.-e)_—-a@-. -2

f(x) =—{x—3)(x—9)(x—12)(x—2016)(x




Bai 3.9, Tim da thire bde sdu P(x) cb hf cé etia
" bang 1, bidtP(2)=7, A —3) =28 P(3) = 63,
=% 126, P(6)= 215, P(=T)=—344,

Loi giai. Ta co: H“=T=?—!—;

S e Bal 3.11. Cho da thirc PR
Ped=-Z=lcy ot GRS Px)=x" +a,x +ﬂw‘:“+t.
thoa man P(1) = 6,P(2)=6,P(3) =8
P(5)=18; P(6)=26;P(7)= '.’rﬁ'IP[ i
P(9)=62;P(10)=T78P(11)= gﬁgfm}

P(13) =138 P(14) =162 P(15]= l‘B&;Pﬁl-ﬁ]
Hav xac dinh da thirc P(x) [Mdm {'#l

T

Bt O(x) = Plx)—(x" — |],1a. ch:

(2) = N=3)= QN = A5 =6) = —7) =0,
Do d6¢Xx)la da thirc biic 6 nhin 2:—3:4:_ 5

6;— 7 lam nghiém. Suy ra.

0(x)=(v—2)(x +3)(x—4) o+ 5)(x~6) x+7),

(P{x) co hé co clia x* bing 1). Do dé: da thire). %ﬁ
Px)={x—=2|{x+3)[ x—4}{ x+-5){x—6){x+T) +2 1. L gidi. Taco P(1)=6=1"~3.1+8; ‘LI
i Khai trién va rut gon, 1a duge: P[I]=E =27-3248;.. g . 0
Pix)=x" +3x" —65x" —135% P(16)=256=16% =3. 155'3' -1
F1144xT 412120 - 5040+ ' — 1 Xeét Qx) =" —3x+8, a8t H{x)=P(x)=0lx)
¥ 4+30 652" ~ 1340 + 11448 1212501, ach H(i)=0 {w:s,m}. ' "\ H_- i

Vhgn xét. Bai todn xic dinh da thire bjc 6, cin
tim sau h¢ s0. Bang cach dit da thirc trung gian
nhin cdc ga tr] la nghiém cia da thire,

Bai 3.10. Tim da thire bdc sau P(x) cé hé s6 cia = P(x) =(x—1)}x=2Xx—3).. {x—lﬁ]ﬁ’ ﬁ
| bine 1 \Bift Pl—1)==12,P(1)=—10, "'H'flﬁ.ﬂ xét. Ban toan xac ﬂ]n;i:rﬂlﬁ ﬁﬁm&
_ A oy . hiét 16 gia trj clia da thirc. Bing cich dit da thire
2 (3} =32.P|4) =98 = 210, : 3 = ) ‘ﬁ'
] ._ _..”..l:r ik -. . L I. El,l FI:S} L T-r'u-“_g. glﬂﬂﬂhﬁnl‘.‘-ﬁcgﬁmlﬁ 2 G G L ._|:||||_ J
Los gidr. Goi CH RS G0 S tir 6 tim duge da thicc bandiu, . 00
P(x)=x"+ac + b +ox +de +ex+ [, XA THU :
. f 2 V. C DJNH DA C BIET
Taco: P—1)==12=(-I —Ej.lll:.—-l} +3.(= l]l+5}i THOA MAN CAC TINH CBJ‘A

=

Suy ra’ H(xY= (¥ =)(x L 2)(< S 2)(= = 16) M.
= P(x)=0(x)+ H(x) - "nlh"l;ll'h :

Pll)=-10= (1—2}.[2.1: +3.1+5} s Bii 4.1. Cho f(x) la da lﬁ#c
| P(5)=210=(5~2)[2:5 +3.5+5]. f(x)= flx=D)=x". Tim, ﬁ?
| 1 hay tinh tang T =1° +21+31' -
. = PNz 5). Ta cé:
it O(x) = P(x)—(x—2)(2x" +3x+5). Ta anpm s o
0(-1)=0(1)=0(2)=0(3) = 2(4) = 2(5) =0. f(;]qg'

(0= e+ 1)(x=1(s=2)(x=x=9x=5): D, (0= fo-
(Vi Q(x) c6 h¢ sbcia x* bing 1). _

uy ra; P{.::]={:+!}[:—I}(:—I][r—l}[:-—ll]{;—s}
b (x- z)‘(ﬁ' -Fﬁ"-’t-‘i}"’
Khum&ﬁmtmp}*&" L 8

L




o Tat cd-f{x}~f{.r—1}=x’. cho x cdc gid iri

dn hrer 15 2 X .en 2020. Ta i
7= M-+ A2) =D+ +ﬂ202ﬂ]—f{1019}
= (20200 — /().

1

L 20200+ L 20207 4~ 2020+ d —d
3 2 6

= 2749509870,
u r L N " L]
Nhén xét. Dya vio tinh chat cia da thirc, fa tim
duge cde hé sé cua da thire. Can ctr vio da thire
tim duge tinh tong.
Bai 4.2, Tim oa thire f(x), g(x \ hict
2020, o 1)

i 2021 e third

fix) = fv)=(x+ v)eglx— ) voimol X, V.

Lo gidgh. T fix)
maoi
+ Cho y bang x == f{x)= f{(—xy '(1):
+ Cho x bing x + |
= J{x+1)— fl¥)

— f(y)=(x+y)glx—=y) vin

X, V:

(x+1+)g(x+1—-y),
Laicho y=x = f(x+1)~ f(x)=(2x+1).g (1)
= flx+1)— f(x)=2021(2x+1) (2.
b Cho x bing x+1
= f(x+1)=f(y)=(x+1+¥)elx+1-¥);
Laicho y=—
= flx+ )= f—x)=1g(2x+1) (3).
Tir (1), (2) va (3) suy ra:
2021.(2x 1) = g(2x +1), véi moi x.
Do dé g(x) =2021x. Tir /{x|— /1] =[xty glx—y,
cho y =10, suy ra:
S(x)—1(0) =xg(x) = f(x) =xg(x]+ £(0)
= f(x) =2.2021x +2020 = f (x) =2021" +2020.
Viy f(x)=2021%" +2020, g(x)=202lx.
Nhgin xét. Dyra vio quan hé ciia hai da thirc, ta tim

duge hai da thirc di cho Hn;niqhﬂmﬁG%
!iurlr:imc.tglﬁtrjl:||;iipl;15r .

B’Hda Cho Ffl'} f&ﬁﬂ?ﬁﬁﬁ&ﬁ&ﬁy :W";

||||||

HH&WW@
(x{i. 'Iﬂ' - \ -"

Tach:
gﬁ+h 2).P(x)= { h
o (x=2)(F—xHPR=! x+3) e
vai moix (1) i3 'h
Chow=-2{-2-2]-2f {2+
Cho x=—1=>P(=1)= ("_2] ﬂ :
Cho x=10 =&F{u}='p{'1}=ﬂ' i - ;
Cho x=1= P(1) = P(0)=0- |

|£ﬂ
Dodé P(-2)=P(-1)=P(0)= F(llh
Khi do ta cd: Bl
Plx) = x(x _1]{x+1}{x+z}.ﬂlr ;
Thay vao (1) ta cb:

(x—2)(x* =x+1)x{x=T)( (x+1)(x +2).0(x)
=(x+2)(x* +x+1)(x—1}{ .:r—!}x(x+l} _;: |

= (& —x +1)0(x) = (+ +x+1)Q(x=1)

o(x) _ O(==1) P
J':+:r+!—r:—-.t‘+l '

ofx) _ ox-1) i

X Fx+l tx—n*+(x—-1}+~-t" oLEN
Q{ ] A

DR R ()= e Gl s =2 11) Y

= R(x)=R(x—1), (x=0,-2, fﬂdﬁﬂt
(hang so).

Viy P(x)=x(x=1)(x+1) (x-r-fi}[_f"
(do hé s ¢ biic cao nhit ¢
m&- xdr. m% ﬂ-’tilf




- e — -

e +2b:]-1" +{2ﬂ+lﬂh:l.t"'
+{b + Em:'].t’ +2bex+ct o d
= (x* + JJ]J +alx 4 c.l'}: -~ hl:.l:: + ::f]+m
Do ve phai khang c6 hang nr chira x* va x* nén

‘:ﬂru a=0
==
2e+2ab=10 ce=0""

Khi d6 ta duge: Qx)=x" +hx
o (¢ +x) +d= (" +d)} +b{s? )
o 2het R d
-~ x* +3dx* + [3d° 4 b)x® +bd b vi mol .
I'ﬂ-" 3 2h =134
=3 +bea b =38 1L},
bd +d =d hdd =1
Gidi hé phuong trinh, tim duge: b= —3:d= -2,
Dodé Plx)=x —2; O(x)=x"—35%
Nhign xét. Dira vao quan hé gira hai da thic, tir
do xac dinh cac he 6 cia hay da thic.
Bai 4.5. Cho hai da thikc P(x), O(x) déu eo hic

lem herm O va co hé 56 cao mhat bﬁﬁg | thoa midn

PlO(x Ii Pix).O(x) vweri mpi xeR. Tinh
((2021) — P(2020).
Lo gidi. Goi bic cia P(x) 13 k, biic clia O(x) 14

ri(k,reMN*). Vi F[Q{ﬂ]= P(x).0(x) nén
kr=k+rek=r==l=k=r=2
Do P(x) va Q(x) déu cé hé s6 cao nhit bang |
nén P(x)=x" +bx+¢c0(x)=x +mx+n
Theo dé bai P[Q(x)]= P(x).Q(x) nén

(& + mx +n}1 +b(x* Fmx+n)te
.-:{x’ +bx+'¢}(;’ + mx + n]

g{znm} F{M}F_ . il
-l P

Nhin xét. Dya vio quan hé g
d6 xdc dinh bic cia mmhmﬁ
dinh hai da thirc va tinh dugc gid trj
MOT SO BAI TOAN TUONG 'n;f"]‘
1. Cho da thirc bic bbn P(x) co hi y
bing 1. Biét P(1)=10,P(2)= Zﬂﬂg{i} :
P(—12)+ P{15)=30. Timdnﬂmc F[J:}.
2. Cho da thire P{:-:]-ﬂt +be +ex +ﬂi:=-— %
Xidc dinh cic hé s a.b,c,d biét ring:

P{1) =2003;P(2) = 2004; P(3) -mﬂqr]a‘am
3. Cho da thire P(x)=2x'+ & +bxte.
P(x) chia hét cho (x—2), ,F_{.x}.
¥ =1 du x. Tim da thirc P(x). =
4, Lhudnlhl.'n: - = Ll
Pl,r} ' +ax® + b +m‘+dr+e.ﬂi§ _.1_&- .

P(l)=0,P(2)=1, P{'.'-}

P(4)=63,P(5)=124. deaﬂ:l&c_P R
5. a) Tim da thirc bic ba P(x) nﬁ’-hﬂ&f‘aﬁ
bing 1, biét

P[l]=H;P[3]= -P[ﬁ "‘.’.'

b) Cho da thirc '

Qx)=x f 102" 4 40x° — l_
Chimg 19 da thirc R(x) = P(a
chiin véi moi x L’hsﬁ guyer .
6. Cho da thire f(xl" %
Bﬂtrhghi*muu i
-1-2,3,”11 '(x) nhdr
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pE THI TUYEN SINH vao LGP 1o,
PHONG, NAM DINH, NAM HOC 2019-2020
Vay tip nghigm cla phucng trinh “
by DK:x,»#0. Tie PT thir hai *‘-%

HUGNG DAN GIAI
THPT CHUYEN LE HONG
Chu 1. a) Ta cb:

X = I['lllll:'t + w.u'r.'; + 243+ ~.|||3 — 5+ 2.3 J

hing d'mg thirc
- = 14 J..;r.,;a.::[mhrl-f]l.’a’*'ﬁ’*ﬂ"'-
=ﬁ+:,ur"}-{ﬁ+1ﬁ}=h*2-..l'4—3~."r3 HETS : ] *
(f B4 ﬂilu+h+”[‘f""” +Hb-e) e
+2(J3=1)=[+3 +1 ¥
— } { = Ta cd: LA *.I_q—.w}J —:’f.fl--*l‘-'f'-’l'.l'.'?'*"l;T!-h
‘-.n.—.q,l.h.,,m,m_aﬂi,:_,.,-ﬂ 23 >0 nén lac ey c Xy y

3 N
v=V3+1. Dodd: P=x(2-x)=(\3+1)2-(V3+1)| (Pl iR [ Jrl-uw] "'[lﬂgff !
= - ey —-p—""I}" L__"_ i V
- - 5 P T ¥ ¥ P
1-1*iH]-\"3j_I"3=-1 -Lt ) ’ll e '_rl-:;
h] [11-_[.:\' '!-flil‘ X I’J!' + O = :“]” VD "I-I:::' tﬁ” 'I:UHI !ﬂiﬂg _.. .I. = X\ :
. 5 iy 3 |x ¥ - )
thire LL:'I'm;n., ”— L i ey -i—"lm f1- 1Y (1 il 5
i '.I['|]l.'|| B +2019 & +2019 L}_IJ +(T+_1:|,-J -'..[E+HJ =)
_ﬂj_— be ¥ —ca o —ab T :
a +ab+be+ca |-.l'f . rE+ el mi r:_-E*« b+ i - THM:IH - iyl l l
a —be ) b =~ea ¢ =ab ;““ e Xy ;+-:,-fn 2
(@a+bNa+e) (b+alb+c) (c+ale+b) {1 e [
. 2 _ :+—=-=3+J:’yz [—-ﬁ—)
_"_r__ir]”""f'l +( & —{Uj{ﬂﬂlc'] +!c“ —uﬂl}fr:--hl r ¥
(a+b)b+cNe+a) _I..|..ln_-g,- 1-4-l-=.':}l
‘t ¥
_I-::"n'l-rr:" bkt | |.';l‘.r: Ke-de= u] [.::"+h"?—a'.h—fﬁ} E— . 2 = .'If: Y ;
{fi+-'l:lf|'r+t.:l_’n +4] fy‘-—=3+x’y "-ﬂ—j .
i | Xy Xy -
1."'455__3*—!5453'-:. '
. {-'l';}'}= 9 f
Ciu 2. a) DK: x =2 -1.Tacé: = ;
4l x4+ 1) —9x+1)=0

¢:*.r;x+i]{.::-’ —.r+1)+{x+1-}a.:'_ x+l=%Hx+1)=0
m{:+l]{f—x—$+m%ﬂlj Mg --JJ.I ”
m{xﬂ}{x —.15~—~ﬁ+( x+l- ;J]ﬁ.?pm:.‘m
-.EF"’+*"ﬁ[’f‘x-iﬂ-”‘%i“""“*"”f1 oo

bty I




A 4 s =
r—l

Cau 3. a) Do M & trung diém BC, £, E lin ot T
trung diém cung FC nho va cung BC 1ém nén E
2, M, D thiing hing va OM | BC 1

Vi EGC = EMC = 9" nén tr gidc EGMC ndi ticp

do dé MGC = MEC = DA

» Suym GM ) AD.

b} Ta co MV la dutmg tnng binh coa AABC nén
Yo iC., suy ma NFA f:'_l't'l;l,'limp Vil Ima
VAF = HAE (don dinh), AE 14 duomg phin e
podi cua goc HAC nen EAC HAE, nhu viy
Al d = NAF nen ANEA &in ¢

I N suy @
i

nén AHEG 13 tr giac ndi Dep,
avra BHE =90°. Dodo

BME =90" nén B.F,H.E.M cing
ol duemg tron (2)

i (1) i (2) suy ra BFHM I hinh thang ciin, vay
nén FH = M(

g §
B ma B WL

c) Taco: MU GO + CGE = BAD

54D + DAE = BAE (3)

GME (cing chiin cung HE ) (4)

[ir (3) va (4) suy 1a ABAE ~ AMGE (g.£), md N la
¥ 1 tnumg diem GM nen
AANE ~ AGKE (c.gc), suy & ANE = GKE (hai

gdc trong tmg). suy ra iy gidc HNKE n{i Lep.

\Aat khac ABE

dicm AR va

rung

Din dén NKE =90". Ap dyng dinh ly Pythagore Vao
\NKE tacb: (KN +KE) S2UKN +KE) =205

— KN #+KE = u‘i!'.',"u"_
Ciiu 4. a) Ta co:

W 42on b= L=t O RD

30 S0 30
Do d6 ta cin chimg minh

A=nin=Nin+1n* +1)30. Donvan—1 Ehaisd
nguyén lién tiépnén nin—1):2 = A:2 (1),

Do n.n=1,n+1 14 ba sb nguyén lién tiép nén nén

aoan=ln+1:3= A4:3 (2).

Tir (1) v (2) suy a A:6. Ta chimg minh 435,
&1 lan lugt cae tnrimg hop:
o= 5k, (ke Z)= A5

en=5k+1LlkeLy=n 135 == A:5;

-

ern=Sk+2keT)=n +i= 25k + 20k + 5 5= A5

o i +1 =25k + 30k +10:3 — A5

s 1 =5k 4 3 1k 2 E)
=%k +4 (ked)y=n+l= Sk+5:5=24:5

[ong hop cic tnimg hop nay cH A5, nhuvdy néu

. no+29m . iz s
n lh s0 nguyen thl ———— CUllg la 50 nguyen.
i0

%

|-||r,l-.| a1 | -'.- .;l.' ':_'Il ]‘w.il.'__‘-'l'l. -_'|."I -1I-|_—3_|,'1--_1.r

diu la cac so chinh phuong nén ton hai s

a.h &M sao cho

1 ™ 4 Iy 43 =1=a0 o _ 1
" 1 T+ 10 (e l)
Nl g =} ..!,u_u_'\" ._;|| Py - .

pat X =x+ L Y=y LY E M), khido
g+ =TX +Y ) (L)

Vi xed: Mt so chinh phuomg khi chia cho 7 duge
cic 5o dur lin Tugt 10 =24

Goi (A B.: X2 ¥, ) 1 cdp nghi¢m théda mén phuomgg
trinh (1) sao cho X, + ¥ dat {ridh nho nhit. Khi dé

{4+ B =TX, +T, )= A+ BT,

Fir mhein xéf ta cd A, va B phai chia hét cho 7. Bt
A =TA:B. =18, (4;B, eN). Khido

194 +498 =7( X2+ )= 4 +B |=X; + 15

Lai dp dyng mhgdn xér ta co X423 nén X,
: cho ¥ Pt
v =TX:F =11 (X0 e N, Suy @

A4+ B )= 49X+ A + B =T(X +K )

phai chia het

Nhir vy ta tim durge mot clip 50 {.Y:;};} thoa min
phuong trinh (1) md X, + ¥ < X,+F, miu thuin
i didu kien (X,:Y,) 14 cip nghiem ¢6 tong nhd

nhit. s

S& 515(5-2020) T% 11
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pE THI TUYEN SINH VAOLOP 10
~AM HOC 2019 -2020 (Thai gian

Bai I (2 diém) J—

1) Giii phuong trinh (4 +5 x"';][l*'"‘lr‘: "'5:_'=5'
(¥ +T=4y +4y

2) Gidi hé phuomg trinh ]"! T by e e

Bai I1 (2 diém)

1) Cho biéu thirc P=abc[a—1](h+4)(c+6), vai

ab.c 1 cde so nguyén thoa min a+b+c=2019,

Chimg minh gid m cuia biéu thire P chia hét cho 6.

2) Tim tit ca sO tir nhién n dé gid trj cia bidu thire

G=vn+2+yn+n+2 13s0nguven

Bai I (2 diém), Cho bitu thirc K =ab+dac—db,
vin ab,c i cac s0 thye khing dm thoa min
a+b+2c=l

1) Chimg minh K = - 1_
4

2) Tim gia try Iom nhit cia bigu thire K.

Bii IV (3 diénm). Cho tam giic ABC cb ba gbe
nhon (A8 < AC), nfi tiep dudmg tron (). Goi
diém [/ la tim duémg won ndi tiep tam giac ABC.
Tia Al cit doan rhﬁng BC i &iém J, cit
duémg won (€) tai diém thir hai M (M khic A),

lliliiIllllll'lll-tF'!ii"iiiiilfﬁiiiitti.#tll1-*.-*ll...li--.-..tl“-..-“l- i.

L& HUONG DAN GIAT ...
Nhur viy, PT(1) vO nghi¢m. Tir d6 khdng t0n tai cac
cfip so tyr nhién (x;)) sao0 cho Ax’ 4 =3x+2y)-1
vid 5 +F +4r+2y+3) déu li cdc s6 chinh phirong,
Ciiu 5. a) Ta chirng minh BET phy:

2(a* —ab+b) 2a' +5* (*),Va,beR Thit
viy: (<2(d +b +a'b —ﬂbawii-?a’bilia‘-' +5'
& a'—4a’b+6a’b -dab’ +6'20
& (a-b)*20, (Va,beR). ﬁ:frluﬁsﬂﬁ‘r’f'rw!'

{f@@[fm{a-mmjw - ﬁh
miﬂf"ﬂf )’{E :

? !H

THPT CHUYEN HANOL
Jams bai: 150 phut)
|} Chimg minh M’ —.!'-H.H'!L o
2) K¢ dudmg kinh MN cla --.,-
Puimg thang AN cit cdc tia phﬁn
g:ﬁ-r: ARC va goc ACB lin Tugt tai o
4 @ Chimg minh N la trung diem L.

thing PO. |
3) Liy diém £ bit ky thugc cung nhd 1 ¢
duimg twon () ( E khic M ). Goi K 14 nr

ximg v diém [ qua diém E. Goi R laga
clia hai duémg thing PC va OB. Lhﬁ'ng m
diém P.0. R, F cing thudc mot duﬂngtrﬁn,

Rii V (1 diém), M&i diém trong mgt mat p i
duoe 16 béi mit trong hai mau xanh hn-icr;lé..
1) Chimg minh trong mat phing dé tén bﬁ
diém duwoc to bai cing mjt mau vi co khos 04
cach bing d. N
I}Gmumgﬂcnd-bldmhdwcmmmm i '-;"
tam gide dom sdic. Chimg minh trong mét phing 46 t0n g
bt tm e dlon s 1 hai tam gridic vudng va dong ding
. : | 3
wvin nhaw theo i s6 & = T :

DUONG TU l:fﬁ’.'Hﬁi} Gidi thif

b) Goi a,,(i=1,32) 14 s hﬁtmrwh"i&.:.*;‘ hén
du-:rcﬂlhﬁrsfw‘.l{hi*dﬁ "
a eN' {i.=u~ o




IAN STEINER . LEEHMUS

1. 1. Xuft xu

ng cac dmh ly trong hinh hoc sa cap, Bai rodn

Aamis la mot trong nhimg bai todn cb
1 rihdai

| 840, 5. L Lehmus gin cho nha hinh hoc

Sreir toan sau diay vén yéu cliu

chimg minh hinh hoc thuln tiy: Tam

lwrorng phan giac trong bdng nhau lé

Har toan nay vé sau duoc mang tén

1 | FRITES »

Inh cua
dd phay
I nh do
: i TER ETAC
' canh cua
cac phép
do1 dai so, khong
1 U ciu cua S, [
fmus. V1 vily viéc tim
nhimae nhurome F'!-]I.'ip

..r“,‘..l'lh _'illr.l'] T
{1 T96-1863)

himg munh s cap vd
hinh hoc thuin tiy cho

Dinh IV Steiner- Lehmus mt than di tro thianh
mot trdo lwu hip din nhiéu nha todn hoc tre.
Irong cic chimg minh tim duge nhir vy, phii ke
dén chimg minh cia Lida Kopeikina - mit nir sinh
lp 10 & Matxcova - niim 1939 vi chung minh cla
Volodia Bolchialxki - mdt nam sinh lop & ciling @
Matxcova hai niim sau do. Hién nay da ¢o trén 10
cich chimg minh Pjnh ly Steiner- Lehmus, trong
d6 hom mot nira chi sir dung kién thirc hinh hoc
biic THCS. Phuong phip chimg minh bing phan
chimg cia R.W. Hogg dang wrén Tap chi The
Mathematical Gazette cba Anh nim 1982 duge

xem I don gidn nhiit

1. 2. M{t sb phwong phap chimg minh Bink Iy
Steiner - Lehmus

a) Sir dung cong cu dgi s

Trong chimg minh cOa minh, Steiner d3 ding
cong thire tinh 46 dai dudmg phin gidc trong theo
ba canh clia tam gide: Néu d,,d,,d, la d6 dai cdae

heimg phdan gide trong cua tam gide ABC img

whi ba camh dbi dign " a,bic thi

| ; r :
u"_" =bhel ] -“—-I d' =acil- : o
'_ [.Ili-'rr.'lb [ {-ﬂ "|'I.‘}

n St
= gb| 1==EL A
(a+b) |

Khi do tir dang thire d, =d, , suyma

- Iy r 2 h‘ 1]
(a _’!]’71_1“"]_{3 ab+b + t“'.'ﬂ+~ Y+ ¢ 5417
| (b+cY(a+e)

rdd a=5.

b) Sir dung cong cu hegng gide
Trude hét hily chimg minh cong thire:

A B
2becos 2accos —
d=—-=,d, =
b+c a+e
P
Xét hidu: d. —d, = = x
(a+c)(b+e)

B A
[ > ] + ab lms&— - m—n (2).

Lhuyrﬁng— EE{GW}%M!& y-m
nhiin gid tr dllm'lg vi nghich b&uumq‘m
[ﬂ?ﬂ"}Tﬂ{l}mymﬂunhbﬂ' B nén
d ~d, <0, w86 d, <d,.
suyra d, >d,.



.

A s

Gia sir tam gidic ABC c6 hai duimg phén slﬁ'-‘-
trong BD vi CE bing nhau. Ta hay chimg

tam gidc ABC cin tai A bing phuong phip phan
chimg. : : A 2

Ciid thiét ring

ABC > ACE, Dhmg

hinh binh hinh BEFD. /

Khi &6 EF =BD=CE & ] =
vi £ =8, (h.1). Hink 1

l'r 46 tam giac CEF céin 191 E nén ECE= H‘{-

Vi -r__. < .WI. =F ‘nén > I': . ouy
CD < DF = BE . Vi hai tam giic 8DC va CBE
cé BC chung, BD=CE vi CD<BE npén
B <C . Tiadé ABC < ACB: miu thuln véi gid
thiét phan chimg Tueng tr, trudmg hop
{CB < ABC ciing khong thé xdy m. V§y
ih'{ - JE—'H vii do do tam miac ABC cin tu A.
3. Mt s0 két qua trong ty
Tu (2) nhin duge két qua sau: Tromg mer fam

giac, wng vai goc lon hom la dieemg phan gide
rrong beé hon. Tap chi American Mathematical
Monthly nam 1963 di dang Ioi giai  thudn thy
hinh hoc két qua trén cda hai k§ sur nguo Anh la
G, Jvlberr va D. Mac Donnell nhu sau:

(na sur ABC > ACB -
ta phai chimg minh
BD <CE (h2). Liy
diém P trén doan
CE 580 cho

I

Hﬂf’zgdfﬂ Hink 2

Do DBP=DCP nén bon diém B,P,D,C cing
nim trén mijt diromg trom. Vi goc ﬁ{ﬁ?ﬂ

nén sd BD < sdCP. do do BD<CP, my m
BD <CP<CE.

Biy gio mxﬁinﬁtsﬁh&:mﬁumm
Bﬂ m l’-? . .: A, =I-: he oy : o

ni
Eihﬂnimm gific ABC cin tai A

phai hodn todn nhur V@y.
k.én thirc hinh hoc, cdu trd un
ta sir dung cong ey lugne giéc- . ¥
Léi gidi. Goi R Iﬁbﬁnkinhduﬁng rOn Ny
tam gidc ABC -

Bt ABC =a, ACB =
_ Theo dinh 1¥ ham 50
am, 1a co:

BM = ERSIH[,{I + E; .

i
CN = Eﬁ"sin[u I-%J ,

Do dé:

e
% 7

Hink 3508

BM =CN ﬁsiu{ﬁ+£)=5m(a +-i-_ ' |
2 41 1
- A g
ﬂ+5:a+3
—
a 0 _ﬂ'
_ﬂ‘l'"i-—IEﬂ [ﬂ."i' 1)
o] *=F . [4B=4C
_ﬂ-'!'ﬂ:llﬂu .E‘E‘—"ﬁun-

Vay diéu kién cin va dii 4 BM =CN 14 tam
gifc ABC cintai A holc gbc A bing 60°.
Két qua kha bat ngor khi xuat hign diéu kign thir
hai BAC =60". €6 thé giai bai mqp nél;_uﬂ' bing
Iuén mﬁchlnhhmkhﬁng? |

l“l:l:'l

:IllI

- S



Lid giagi. Gia s tam
gite ABC khong cin
i 4. Khong mit ting
quat, gid sir AB < AC.

Ihé thi ABC > ACB (3)
nén ”H': "l'{,ﬁ' Tir 4o
MC>NB., Trén MC Hink 4
lay  diém F sao cho

1?il|| " "I.-H :h 4_' th llllfl iiE.I-a"rB

nén NEB = MDF < MDC hay

=ADMF (c.gc)

.-J H{ S

| = A i
= -*f{ ﬁ < ACR + l ARC.
- 2

i A6 ABLC < ACE, miu thuin wir (3).

rucng ty nhu Dinh ly Steiner- Lehmus, tir Bii
A "-L-. T

Bai toan 2a. Hai dwong phan giae frong BE,CF

1BC car dirong tron ngogai I.!'{?:p [ {7131}
- teng i M, N. Chimg minh rdng

h Y khi AB < AC

Ban doc ur chimg minh két qui nay.

pé cip dén duémg phin gidc tong tam gidc,

khéng thé khong nhiic dén durdmg tron ni tiép tam

gidc. Sau day la mdt vi di.

Rai toan 3. Hai dwong phan giae trong BD,CE

o tam eide ABC edt nharrigh'L Xeie dinh hinh

ang cia cidc ABC biét rang 1D =1E.

Cé thé gidi bai todn nay bing hinh hoc nhur sau.

Xét hai trudmg hop:

o Néu AD=AE thi AAID=AAIE (cek) nén

DI = AEl . Tir 46 AADB = AAEC (g<.g). Suy ra
AB= AC.

» Nétu AD=AE,
khéng mét tong quat,
gid st AD < AE . Trén
dogn AE liy diém F

BAC + DIE=180" hay BACHS

Suy ra BAC =60". Nhur vay, ﬁ!q

am gide ABC cintai A hofe géc A |

Ditu ngwoe lai cing ding. Ta cb the ¢

két qud ndy bing thuin myhnmhwhm-

chng thirc tinh d§ dai dudmg phin giac tro

tam gidic theo ba canh ctia nd.

Két qua sau diy cd theé chi:ngminhhm‘ngw 5 -‘-{

Iy Steiner- Lehmus, Chi ¥ rang lin glli ﬂﬁiﬂl
todn sau c6 thé xem hinh 5.

Bai toan 4. BD.CE la hai dieomg phan giae frong
ciia tam gide ABC. Chimg minh rang néi
BD 4 BE = CD + CE thi tam gidc ABCedn tai A.

Léi gidi. Ta BD+ BE=CD +CE suyra
BD-CE=CD-BE

"

c
: Earcm'E Eabmh—g-._ ab __ac
4 a+c T adb Tate ﬂ-_lrb t
Ii
= &4 [bc(cnsiﬁ- -—mE) - i
(a+b)la+e) 2 2 ' A |
( E' L .:'.EIH ) -
+a| ccos— =beoos— || o
. 3
a : - } {g;i.ui
cila+f+C) \*). y
{ﬂ""'b][ﬂ‘"c]{ ]t o, .-. 1_l|_:rl..
Do & néu  AB> AC hﬂf‘ c>b 'ﬂ

D{E{—-f.?ﬂ' thi msv-;-m?- ..,.l

'I.'lluiﬂ T'I.I.’D'I'lﬂ.ttl'l'li’l-'l J'IB{JE '-'H_ ':'
miu thuin. Viy AB=AC ﬁm 36 1

"



\Y

p--,],-m+h4 &), Tix BC+CD=BE + EC Suy T

2abcos
ah i e 2

il = kil
a+ b

£5 += i .|'J+|':

s
s2ala+b)a+c) ab{a+b)=ac| a+c) -:ITHIJ""NME

n g C
e hot(arh) —¢f —IJ}MH'IL:DH;.

[

Thay [a+ .I'r_}'- ~¢" =dp|p- L‘} = 4abcos’ —

|38

(dinh 1y ham s6 cosin cho A4B8C) vao nhin dugc:

8
=2bla+c|cos—
.

bt + dabcos”
=

v Y
| |
1

=Z2acns=—| |
N

-

= N
=0l 2 C05~= 2 oog-

l-.ll'"_

Vi .H:'-{' =i} nén 1 = 2cos -'-:1 = 0. Tirdd

ey IL'
&= 2ercos = =T 2sin.A cos—
n

Tirdo {" =

=

hay sin —=5in4.

s

24 nén

A=40",C =80° (vi ABC =60").
Bii todn ndy co thé gidi bang thudn iy hinh hoc
nhumg lin gidi phire tap hon nhicu,
Cudi cung, ban doc co thé L'I‘lu:.'én cic ket qua trén
bing cich thay * phdn giac rrong” bin “phdn gide
“dicomg  trung
tuyén” cua tam gidgc dé nhin duge két qua trong
.
II. BAI TOAN NAPOLEON
2.1. Vii nét lich sir
Ket qua sau diy thuimg dwge goi ld Bai roan
/ Napaléon .
| Bai todn 6. Dig vé phia ngodi lam gidge ABC cdc
tam gidc déu BCD,CAE, ABF. Khi do cde tam
| 0, 0., 0, ctia ba ramgiduﬂéuvﬂu#{ﬂg’fﬁm‘ﬁ
1) la dink ctia mat tam gide d’éﬁ
Napoléan Bonnaparte 1a mﬁt

Phip ndi uéng hoi diu lﬁé]ﬁm
0t e s i s € o, i i w3

ngoai’ hodc “dwemg cac” hay

12 mewd gty l.m,

Laplace,... Hom o, 1én 20i ¢ho.
xudt hign lin diruu&nmmrbﬂ :
W Rutherford 4ang tén The L
1825, vi dén nam 1938 T;p chi
Mathesis mot lin nita khing dlnh
mang €n Dinh ;

ly  Napoléom
nhung  chimg
d6 bang chimg
chua di  sic
thuyét  phuc e
ring .-"k’frjr}r:fe"c.:ﬂ T —
I rsioniee (1769-1821)
rien tim ra ket "

qua do.
3. 2. Mt so phwong phap chimg mi"h—

redin Napoléon
Bii toin Napoléon c6 nhiéu cach gidi. Sau d!?y i

mdt 56 cich giai quen thude. .
a) Sir dung cong cu hink hpc thuin tiy 7
« Xét truimg hop cic goe cua tam gide ABC T nhé
hon 120°, P h _
Hai dudmg tron ngogi tiep cée tam gidec BCD. i
CAE cit nhau tai M. g
Khi do BMC = CMA =120" nén AMB =120 -’.*:5;
do d6 dumg tron ngow ticp tam gide ABF di
qua M. Goi H:“Khniug:nn&ﬁnuun 0, :ﬂr
v6i AM, ciia 0,0, véi BMva cia OO, v61.CM,
Khi 86 0.0 LAV Q0L 64 vo AVB=12
xﬂl
0,0,0, =180 —-Jﬂﬁmﬁﬂ“ (vg,x :

nﬂﬁ&}qu.a.ﬂnw
d .

!

|I ||
.H'




con lai bing 1207 ¢b thay dbi chin it. Khi dé c4
; i

dhvrdrme RGN MEOEL 1:I~.'|1 Cle i gie AR

z, ABF

e xuUe nhau G
11| . thiing hing va

i nén 0 4.0

I AC = il 0" (311} AC 1L 00

CACLO = 60"

nén

i I i ] LA :||||l.

« Mew tam giae AR

GO 1 RO ||.r|1 h.lTl'I 120"

I R i F| 8 | i X 190" 3
ching hin SAC>1207 thi gino didm Ar cua ha

On ngowl tep che tam gite CAE. ABF
(BC

Aok I 5
2

Vil IJ:UI LAM nén
: luan con I.’l' I‘E'|;|.'.. |.||_|| it |E|!|||:'II_

i ROl L Ejc

Khi d6 BMA = BFA = 60°, AMC = AEC = an!

& A 120 MA BDC=60" pén dudmg

ron NEOJ Uep tam gide BCD di qua M. Tir 46
0. = BMA = &0

[ wrome s CAOA G A AT N

h) Sw dung cong cu bien hinh
'n can sie dung '.I'.l!'. q.']ln.l| e ] rll.'|5| I"|,_-|| |‘|||4_ﬂ|1 Lli]l’l"-'
LAl |E.| s

linh chat. Tich hai phép quay Q(0;9,) va

)oY wri oo+ o, 23600 [k '%-..:I fa mot
shiép guayv co tam O, trong do O [ giao didém

. £ .
freg A wva H._'. Vi(Fi If}..l.fﬂ:l’}_.! :I Vil

(i
((LCY, O )
=

I'rér Jai vai dinh ly Napoléon: Xeét cac phep quay
0.(0,:-120"), 0,(0,;=120°) va 0,(0,;60%).
[hé thi O,: B> A, 0:AC, QBB C. Ta
thiy tich hai phép quay @, va @, la m{t phep
quay 60" biéen B thinh C. Do chinh la phep
quay () . Theo tinh chat trén co:
(0,0,,0.0,) =60, (0,0,,0,0) = 60"

nén tam gide ©,0, 0, déu.

¢) St dung cong cu luwgng gide by
Sir dung dinh 1y ham so cosin: Trong tam giac

ABC véi BC = a,CA=b,AB=¢c ¢0
@ =B +¢ — 2becos A va cong thire
ms{a+ﬁ]:cnsacuﬁﬂ—sinash1ﬂ.

D BC=a,CA=b AB=¢ vi dién tich tam

giic ABC bing S, Khi d6 § = %hﬂsin A Thé thi

I
U';.-I ™ -E:_l

|

f ¢
=—=, Tuong tir; 4= B |
kS : :'?;

0,40, =60" + A nén

Co% ijU, = ut:ﬁ.{ﬁ{f - .-l.]- =

Brc—d B E
2he 2

Ap dung dinh 1§ him sb cosin cho AQ, A0, cb:

costll’ cos A —sim 6l sin A=

o

0,0 =0, 4° + O A - 20,40, A.cos 0, 40,

B el b= A
b =| Il R
3 3 3| ke 2

= :—[u: +b +et 4 4\,-'35'}.
]
luromg f}lf{:' —lb{u" +b +c +4uﬁﬂ.

o0 ;-: {.;1: T e +4-.|"§5_.|,

Do d6 00, =00, =0.0,, nén tam giac

O,.0.0, 1a tam giac déu.

d) Sir dung cing cu tpa dj ,

Lip hé truc 1oa dd vudng goc xOy O goc toa dd
(da B, tryc Ox chira A.

Goi T va J twong img 14 trung diém cia BC va

CA'. Théthi TO = —=

Y




" S Ay 000 e -

- = M,
- :Flu |I1r Bl ‘:ﬂ | . m'|-hrr -“Iql

Xy =X, !! = n'.|j|.'_, = _1-',;.}| =Y.

Pt x. =X, ¥

T m
Khi d6 mi+n == m_Y. Chi y ring
12 R,
- z ? z +o P 1
Xy W = i nhin dllﬁ“: m= :?E'” - 5
i N Vs .
Tuomg tr, cb6 W +y=—m, —=—— Vi
G 12° ¥ c—X,
Yo =X
e = = —— ._rn._ !
(e=x)" + ¥ =4 nhin duge u -.ﬁ T
|+ a il i
1'ilrl U S _r”. 1_+||‘J] {J (l I'lll ‘I"H.: :—\.i-'l- ik .-']
- i 7 \ 3 : )
[ - ¥y T
nén OO =( R _py N —H] +|(£+n—l°- -V
S L2 2 ; \2 2
i " e e \
_I' = L .I':I'J| +{n—v) _|_+ "r-_I!] [ IT?_II., |
= WIZ: 4 L W1

& o, | L ¢
4 37312, 30
Mat khic x,° + v

: * . - . =
=a° va 2cx, =a” — b +¢° nén

O = aAb Ve Oy _a O e Zs.u.lr'.
6 V3 6 3

= 'é{ﬁ" + & + ¢’ +4¢Eﬁ'm,:}.

Tuong tr: O =007 =é{:f 1 +.-:"‘+4q'r_1'j'm_).
Suy ra AABC déu.

3. Mijt s6 két qua twong tir

Néu trong Bai todn 1 ta thay “tam gidc” bai “ni
gide”™ v “tam gidc déu” bai “nr gide déu” (hinh
vudng) thi bai todn thu duge khing con diing nira.

' Tuy nhién bai todn sau ddy rit quen thude véi cdc
) hoc sinh yéu todn.

Bai toan 7. Dimg vép.&fuugp&f?ﬁ'gﬁic;ﬁﬂﬂ
; cdc hinh vuéng ABEN,BCPQ,CDRS,DATV @f

.Eﬂ'f. .ﬂ,ﬂ;,ﬂg-.ﬂ.-.mzlh& fﬁ'!ﬁ? E&cﬁi‘?ﬂ

Lii  wiah Traéc hét W
AABQ = AEBC {ﬂ«gu}d!n Jﬂ EC,BAQ
M .-!IEJ.EB nén :!E

; '-i,
wam gifc AEC nén oM I/EC vi OM =
"T

Tuong tu c6 OM QA va OM = -ﬂ- _.:
|H
ﬂMJ.DMGHsGH Tlm'ﬁ.E rﬁﬂ'_' |
@Hiﬂﬁiﬂ”“ﬂ” nen ﬂﬁﬂ,s A MDD 5
Tie 46 0,0, =0,0, VA MO0, = .,m:
OM LOM nén 00, LOOL
Dé tir gide 0,0,0,0, 1A hinh vuong: c!.nﬂjhr
gid thiét nita; fir gidc ABCD la hinh hinh h

Do d6 nhiin duge . oo
Bii todn 8. Lung vi phia ngodi hinh binkh #

i ; e |
ABCD cdc hinh vudng ABEN, BCPQ, CDRS
DATV. va goi 0,0:,0,0, firong tmg la f:im; ;

hinh vuéng d6, Chimg minh ik gide ﬂﬂ:ﬂ,ﬂ

fhinh vudng. :

Biy gid ta sis dyng “Dinh Iy bén diém": ¥oi bon
diém A,B,C.D thi AC wﬁuggdcvﬁjﬂ —h.

va chi khi AB® +CIDF = AD® + BC® 4é g‘tﬁl
st biti todn tuong oy hay lﬁngqu’.ithu‘n’; \ S .
Bai todan 9. Dimg  vé phia ngoai tie gide A ahm-'
cic tam gide cdn  AOB,BO.C,COD.DO,A
sao cho OAB=0BA=n,0,BC=0,CB=f
ﬁﬁn-@&‘mwﬁi&ﬁﬁ%* =9
Chiimg minh ra,n; ¢ 0,0,

Lo gidi. DR
Jﬂf""; .BC=b,C "J

\ L
~l
Tir
HJ.F..
It



00; = OB+ O:B =2.0.0,B.c08 (90" iEC)

a b

e — e
dcos” 7 2eos @ 2cos fi
|..". b !

S R

ah

T

T — I — i
qeos @  4cos ﬁn’ Losa.cos 'h.u.la' -
£ d |

rLrL||ﬁH1l:: f.j"..lt : | e
4008 ¢r i

"

|_':'||-'Jl|I'--"':'.-’_1 ||"J_1"_,i|;.__ = h:
4cos” o Joog?

[ &

_.I.

7

- | — —— (O
408" @ deos [ s:u:i{:.m':iﬁﬁm 22!
Ef: jJ:

——
de0s” f
d’ 1

4C08" fr dcos” I cosea l..'ﬂ-!-ﬂ' FT e

Fwong U Q0 + 0,07 =— =
dcos” o

nen 08 + 0000
Rai toan 7

khi 2= p

la truomg hop dac biét clia bai todn

453 .V a=F=30" 1a nhiin dugc;

Bai todn 10, Dymg

(7. feerme 1

minf O}, VHGRE @ik

AN
¥

Sau ddy 14 mdt sO bai todn lién quan danh cho

ban doc.

. K 13 mot diém tiy ¥ trén dudmg phin gi

trong AD ciia tam gidc ABC. Goi E,F twong img
li cac giao diém ctia cac duong thing BK,CA

vii AC, AB. Chirmg minh ring tam giac ABC

cin tai A khi va chi khi BE =CF.
Phit bi¢u va giai bai toan tuong I, B
2. Goi AD.BE,CF la cic dudng phan giac tro

cia tam giac ABC. Chirng minh ring tam giac

ABC déu khi va chi khi 45,5 = Suuc:
Phét biéu va giai bai todn hrong fur.

tam gidgc ABC cit dudmg tron ngogi lep tam giac
dy twong Umg tai M,N,P.Chimg minh ring tam

gidc ABC déu khi va chi khi

AD BE CF_9
M BN CP 4

TGN, "

— i m

2 et P
doos If_!' L‘lﬂf-t.{'l,:ﬁfj ACD

Q.0; +0.0° =00, 1L0.0,.

ve phia ngoai e gige ABCD
den ABM BCE,CON,.DAF va goi

1 e fam cde fam et Qe

vert EfL 00,

Phit bigu va gidi bai todn tuong ny.
4. Goi AD, BE,CF 1 cac duimg phin g
©Ua tam gidc khong cin ABC . Chimg minh ring
neu tam gise DEF cin i D thi tam gidc ABC
0 ghc A .
5. Cho tam gide ABC cintgi A4 cb AD,BE I
cic dudmg p'!lﬁi'l gide trong. Goi K l!l‘tﬁmdu-.'mg
tron ngogi tiep tam gidgc ADC . Tinh 50 do gée 4
cia tam gidc ABC biét BEK = 45°.
6. Cho tam gidc ABC. Trén canh AB liy céc
diém M, N sao cho AM = MN = NC.
Trén canh BC lay céc diéem P,Q sao cho
BP=PQ=0C. Trén canh CA My cic diém
R,§ sao cho CR=RS =54, Dyng phia ngoai
tam giac  ABC  cic  fam  giac déuy
MND, PQE,RSF . Chimg minh tam gidc DEF la
tam gidc déu.
9 7.Cho tam gidc ABC cd BC=a,CA=b AB=c
va dién tich bing § . Dyng vé phia ngodi tam gidc
ABC cic tam gidc déu CAE ABF va goi M. N
li tim cua cc tam gidc déu d6. Goi [ va J
trong img 1 cac diém dbi ximg coa M vd N qua
AC va AB.
a) Tinh [J° theo a,be va §. Tir &6 say
a+ b 4otz 4\4"5.5'.
b) Chimg minh bt ding thire
a+bac 2438 +(a-b) +{b-—c‘f +[c-'n':ll.
Pring thire xay ra khi ndo?
8. (Giai chi tiét cic Bai toan 7 va Bai todn 10.
9. Dyng vé phia ngodi tam gile ABC cic tam
gidc déu BCD,CAE, ABF .
a) Chimg minh cdc duomg thing AD,BE.CF
dong quy tai mot diém (M ). 4
b) {?h?&ni minh céc duimg tron ngogi tiép céc tam.
gidc déu BCD, CAE, ABF dong quy tai mot diem
(N). .o i
¢) Chimg minh M, N tring nhau.

ac

ng

e Al

—



Fd

. Bai T5/515. Gidi b shiromg trinh
ﬁ+”[}'+-}iﬁ= ‘, H
y’+’1'E=+:} 40.
2 ax+ ) =f-l

I'

Hn::m'ﬁﬂ DI

(G THCS Da Ton, Gla Lam, i
- YL CAC LOP THFT
CAC LOPF THCS |
Bai T6/S15. Gidi phuong trinh :

Bal T1/515 (Ldp 6). Hai nhd ga 4 va B cich nhnlu '.J'-‘f_"'-':"_= o = Tx® — :J‘-Iﬂ
999 km. Nhimg cit cay S0 doe theo dudmg sit noi : HﬁU‘I"EN QU.!.HG N AN
lnf*n v & chi nhimg khodng cach tir cdc cot ciy (GV THPT Qui Hop 2, N,
6 dén A va dén B. ( ‘hiing ghs nhur sau:

H&l [?151'; Chu 'E:E.':Sﬂthw ﬂl.l'ﬂ'l'lgxgj" "' ul ir
S, x+y f’ﬁ1umgtdﬂ1nhunhuh:unhléuﬂ1{m.. .

0/999; 1/998; 2/997; .

Hoi trong cic cft trén, o6 bao nhiéu cdt chi cb hai ) 1’53
chir s6 khic nhau? — P 6=+ ¥ (6 =W+ (x+¥ -13"

X
TA MINH HIEU NGUYEN v}.ﬂ
(G V THCS Yén Lac, Yén Lae 'Vink Phue)

(GV THPT Nguyén Duy Trinh, J"W in]

* Bai T2/S15(Lép 7). Cho tam gide ABC canh BC  Bii TH/515, Cho tam gide ABC, O 12 A ..- ”

co djnh, dinh A di dgng: Ké phin gide AD cuatam o agogi tiép, I i tim duimg tron ndi tiép, D r

guic. Qua € ké dudmg thing vudng goc vai phiin gino diém thir hai cia () va AL P la giao d

grac AD 1 N Goi M 13 trung diém cia AC. ciin BC va d'-'l.l'-l::l'l'.lg ﬂlﬁngqua.fwﬂrnggﬁc‘rﬁjﬂ

Chimg minh ring khi dinh 4 di dong thi dudmg |3 diém dbi ximg cua f qua @. Chimg mJ.ll.l‘l
thiing MN luén di qua mdt diém cb dinh. PAO A0 = FDQ 90",

DAU CONG NHO DUONG THI X

(GV THCS Cao Xudn Huy, Dién Chéu, Nehé An) GV TH;"'I' ﬂk“.""ﬁ" Bf.f; m B’ : _

. Bai T3/515. Cho a, b 14 cic 36 nguyén duong sao | Biti TY/515. Tim .B‘l.'-':l!,"bﬂl AT -H 1
chof{a,6)=1vaa+5b:3.Gid supgla cic s6 L eaE ',' :

B aid : UI-]"# + “j* "ll'
nguyén to sao cho pg +a va bp+ g cing i cac e M e L) k. :
sO nguyén to. Chimg minh ring a+6 14 sb i "':'*"I"H rLE
nguyen 6 | SR

HOANG NGOG MINH  nguyén 16 nhit K
(GV THPT chuyén KHIN HaNo)
*Bai T4/515, Cho dudng tron (0, R), Tir mét diém
A & ngodi dirimg tron ké 2 tiép tuyén ABLAC (B
. (
cmnép m&m}uicitmy&ndﬂﬂ*"

U -
-\.-l_
15 -
e



gai T1L/515 Cho him g [a.b]— m1n ham sé
lién e Vi) 2la) < g(h) vi
¢ fab] —lglak g(5)] 14 him ting, Chimg minh
eing phrong trinh f(x) = g(x) cg nghiém,

cich nhau 10 cm, Tai mﬂm
TRAN MINH jigy N d6i nhau va ching cach nhau 12,5¢n
T chuyén Quang Trung, Bink phuegey  bién 89 clasong.

4¢ ABC, O, H theo thir ty
13 tam duomg ron ngogi ”':l‘ Vi trirc

Hr
gl ri2/515. Cho tam 2i
tim tam gidc.
§ 1 tim dwdmg tron ngoai tiép tam gidc OBC, K, [
theo O la diem dbi Ximg cia & qua A8, AC
di qua trung diém cia o

NGUYEN MINH HA
(G V THPT chuyén DHSP Ha Ngij
NGUYEN NGOC TU
GV THPT chuyén He Giiang)
*‘: > _"_.
FOR SECON!
Fruhlurl ri/s1s fFﬂ."

e trayin i dén ol 68 A KbonE AL

hi¢u sudt truyén tai tang 1én H; = 95% thi ph ai

tang di¢n p truyén di dén gid trj bing bao nhiéu?
THANH LAM (Ha Noi)

i ¥
|

pamt to Aand B Hs OA at H. From H draw the line pa
0/999; 1/ gﬁg ﬁ?x"’ 197 .. . 999/0. hat line inersecs 48 at K. Sho

'l_...l w

i et 1 '] "..l : I..' 1 L]
I. "". |! o | : ]

Jl-nl.'F

’ﬁﬁrhrl '=_- o L LS \ o 1
i an  Vary.
i - 3
m ‘r?:}fn_l.-'h:r: '_'.:. b L]
-..:-'.,-F:—‘:‘x- L



mﬂmapp,_ _Eqml. .!__Trf 1 in ﬂ .- 51"""' that
PAQ = PDQ = 90",
Problem T9/515. Find the limit
I-.u"_‘ ["u'r_l +I&rn + 3’ +3n
L e 2
- i J'*
where o 1s a positive integer and the notion [x]
denote the mnteger which does not exceed x.

TOWARDS MATHEMATICAL OLYMPIAD

Problem TLHW/S1S, Given a positive integer 150

GIAI DPAP bO VUI T12.2019:
MA PHUONG 4x4 VOISO 2019

Pé bai. Cho hinh vuéng ABCD gom 16 6 vuong

nhie hinh 1. Ban hdy dién tiép vao moi 6 vuong

con trong cra hinh vuong doé met 50 gom ba chit
s6 voi cdc chir s do thuge 1dp hgp cde chit s6

{3. 4, 5, 6} sao cha cac 56 frong cdc 6 vuong
déu khdc nhau ma ﬂf:ng cac
56 theo mai hang ngang,
tong ecde s6 theo moi cot
doe, rtong cde s6 theo moi
diomg chéo AC v BD déu
bing nhau va bang 2019,
Léi giai. Tong cic s6 theo
dudmg chwﬂﬂhh33ﬁ+4ﬁ4+545+ﬁﬁ4-
2019. Goi a, b, ¢, d 13 céc chir s hang don vi

A B

HI

D G
Hinh 1

cﬁaqsémuwmatcﬁtmtpmw@ﬁm-za.
**f*“‘ﬂ"‘“*f“@%jé d=19,

Shm!r 'i]lll‘tl'tll.'-‘L

Problem T12/515. Given a triang
and H be qhﬁmumwlﬂ'ﬂﬂﬂ h
the triangle respectively. Let
cmumﬂnntﬂﬂflhtmﬂﬂﬁlﬂﬂm Denc ,,
the reflection points of S50 “""E
respectively, Show that KL passes &
mldpa'inmfﬂff
TmmlnedbyHGlNEHPHUH
(College of Science Vietmam National Un

tao duge ma phuong 4x4 sao cho lﬁng cﬁnaﬁ
theo mdi hang ngang, tong cic sé theo moi ¢t
doc, téng cic so theo mdi dudmg chéo AC va
BD déu bing nhau va bing 19. Lam twong t
khi a. b, ¢, d 1A cic chir sb hing chuc ciia 4 56
thudc mit cit thi phai coa + b + ¢ +d =20, kKhi
a, b, ¢, d 1 cic chir s& hang trim cua 4 s6
thuge mjt ¢t thi phai coa+

B
bh+e¢+d =18 To hop ba mmmpg
mnphuﬂngdﬂtadwcma migqm_ s3s|
phuong 4x4 ma md & m,{

- A
'I e
——

S o

vudng 1a mot s6 ¢ ba chir ?
s6 véi cdc chir s& m\@ p—L
hﬂ‘P & 4" 2 *E}u-. ‘man

-




Bai T1/511. Tim tat ca cdc 86 e nhién co 6 chir
o sao cho no la binh phicong cia mot 56 Aguyven
Jane thai la .".J'.."- _.'J}.'lrr-'r:_-,_' g mol 50 .rrlg:ru_L-;J” khac.

Léi giai. Goi s0 can tim la n, theo gia thiét thi
n=x ¥ VoL X, ¥ déu 1a cde sd nguyén. Tir 46

X . X
. | . Pat
- 1- i .L :

f, ta s& chirng minh ring ¢ 14 s6

r ' § L. § g
nguyén. Gia sur ¢ = — la phiin s0 to1 gidn von cac
£

s0 nguyén r, s ma (r, 5) = 1. Tir d6 r va s khong cé
urdre s0 nguyén to chung nén
(. 5°) = 1. Do.r = st thi #* = s°f nén s 14 udc sb
cua ', nhung vi (. s )=1néns =1,dodos=1,
suy ra f = r la s6 nguyén. Thay vao h§ thirc & trén
coy=>rvin=y =Ff=x",dodéx=r,
Theo gia thiét  Ia s6 c6 6 chir s6 nén

100000 < 3" < 1000000 = 46 < y < 100.

Hon nira

= P nén y chi c6 thé 1149 = 75 64 = 8, 81 =97,
suy ran =_1.-"'1 = (* = ¥ lay ba gia trj sau:

76 = 49° = 3432 = 117649; 8° =64’ = 512" =
262144; 9°=81"=729" = 531441 P
Nhgn xéz. Trong cic bii gidi cua cic ban thi phin
lip luin dé ¢ 13 s§ nguyén chua 16 ring. Mot s0 ban
khong duge néu tén vi chua chi ra 6 1 v6i 6 chir sb

Zophel) s

<ot

_ N lgnl .y 17
T2/511. Cho tam gide ABC ¢o j"——'iﬁ:‘-;-ﬁ‘l'; JEQ
Trén canh AB F:ir}* diem D sao cho iﬂ=5¢.5
5o do goc BCD. 2
Léi gidi. Goi E 13 giao diém duimg trung trye
canh BC va canh AB. C6 A
goc ngodi

AEC =2.EBC=40.

Trén nira mt phing bé
CE khong chira A dymg
tam gidc déu CEM.
Ta co:

BEC =180° - 20° - 20

=
v



Ha N§i: Noo Uvén Nhi, 7AS, THCS Phuong Ligt
Newyén Hing Hai, 711, Tnnmg Maric Curie M$
Dinh; Hung Yén: L& Tudn Nehia, 7C, THCS Poin
Thi Diém, Yén M¥; Pha Thy: Pd Ngoe Tién, TA3,
Pham Tri Ding TA2, THCS Lim Thao, huyén Lam
Thao; Thii Nguyén: Tran (uang Khai, 6AS5, THCS
Chu Van An, Péng Hodng Minh Dgo, 6A4, THCS
Nguyén Du, TP. Thai Nguyén, Sdc Tring:hEF:r{vﬁn
Anh Thie, TA1, THCS Ké An, huyén Ké Sich;
Thanh Héa: Nguvén Viér Quang Anh, TH, THCS

Triin Mai Ninh, TP. Thanh Hoa,
VU DINH HOA

Bl T3/511. Choa® + 5 416 =8a b, (a,he R)
Chrrng minh
a) 10 =4a+ 3h < 40:
b) 7h =244,
Lei gigi, Cdch 1. Ta i

a4 16=8a+4 6be={a—4) +(h=-3)y =9,
a) .";'l-[!' dung bat diing thirc Bunyakovsky. ta cé:
(4 +3%)[ (a~4) +(b=3)']

2[4a—0)+3(b-3)] =(4a+3b-25)".
Suy ra: 25.9>(da+ 3b-25)°
= —1554a+36-25<15=10s4a+3b=<40,

da+3b=10 khi

4a + 3b = 40 khi

sl

Tp=24akhi{ 24 T =1

b=2‘|ﬂ v 1K

Céch 2. 1) Ap dung bit ding thirc B

ta co: (da+3b) < (& +3 ) a® +b%)
Theo gia thiét

a +bh +16= 8a+ 6he>a +b —2{4g+r

nén (da + :"I-.I’:'}‘ = 50(4a + 35) — 400
 (da + 3b —10)(4a + 3b—40) =0
e 10<da+ 3b<40. .

3
Pang thirc 4a + 3b = 10 khi a= b=

32
da+3b= Mkmﬂ—? b=

b) Ap dung bit ding thirc Cauchy, ta cd

. 28 96°
u’+ﬁ’+lﬁ:[a’+2—j-;] [ﬁl 25:]

o S6a  192b .
25 D5
K&t hop voi gia thiét thi |
56a 192b
Sa+6h=2——+—— <> 2da> Th.
25 25
L& L)
Ding thirc xay ra khi H_E b= f :-.~ 4

Nhan xée. 1)) %ﬂrmwm nint

ding thire ¢o dieu kign, ta ﬂmﬂn‘)g ing cic b
:h&tdﬂbr!tdﬁ?h Rﬁ:‘nhi’i:u ..



—Il_

Bii T4/511. Cho nita dieimy. ﬂﬁ_
kinh BC Fﬂ'M-PIal'ﬂﬂ Gﬂjiﬂm
Jo zao cho ﬂGﬂ=I35ﬂ ﬂll'l.‘h'.lg mﬂijgaj £l Wi

GEB tai G catl mra ddmg tron fai A, %,g ﬂ'ﬂﬂ
rim I moi rwp fam glde ABC I’Ii:.';p.'.| xue veri BC, G-!
lim lweot tagi B va E. Chieng mink G néim trén Eﬂ'j '
Lo gidi.

b

[aco: AGO=360° - BGO—BGA=135",
Frén tia GA liy A”sao cho GB = GA ! T 2z(pea)(xez) i e
DE thiy ADGA ‘= AOGR (c.gc), suy ra OB=04,  Diuding thire Ki}'ﬂlkhl Hdl : "Eq”:' ;
dod6 A" = A. Viiy min P = ﬂ. gﬁtﬂﬁﬁ
Nhir vy tam gidc AGE vuong ciin a1 G, nén  y=yp=z.

GAB =45° . suy ra AG la phin gidc cua goc BAC.  Nhgn xét. Dieu r.hmc,hét
gid thiét suy ra r’ ;;p"zﬂ

Viy A, I, G thing hang.
Goi F 14 tiép diém ciia dudmg tron (1) vii AB = I[JE-J-'} M
AE AF tir 46 AAGE = AAGF (cgc) =

AGF=AGE co mégﬁi—:,bw;" dch khic

Dé thiy céc diém B. D. G. I, F thugc dudmg ttoin -~ Ap dungbhdig# : (x+)
durirng kinh BJ. Suy ra e ;

-

— — B
. IGD=180°-1BD=180"——= (1)

2 {hlh:rﬂl‘.’lt il ""“'"'I'H-

H

. JGE = IGF = IBF = 2)

Tir (1) va (2) suy ra IGE+ IGD = wu“ihi;.r"ﬁ:i:?
E thing hang. v ”ﬁ*'h m

Nhin . C hai ban cho i i 16t 13 ba
Khanh, 9A3, THCS. L@Thaﬁ h

+ it b L e

Ngﬁ}éﬂ GEM BB:TH




diy c6 bii gidi 101
Ol o ng. 9A, THCS Nguyén Tree,

Ha Nji: Lé Neec T
Thanh Oai; Yinh Phic: Ta Kim Nam Mn;_r BA2,
THCS Yén Lac, Yén Lac; Séc Tring: Ngwpen Arh

i, TAl, THCS K& An, Ké Sich; Thanh Hoa:
Nguyén Viét Quang Anh. TH, THCS Trin Mai Ninh,
TP. Thanh Hoa; Ngh§ An: Neuvén Nhar Huy, 9C,
THCS Ha Huy Tip. TP. Vinh: Quing Tri: .-"ﬁ'gu)'en
Anh (udn, 8D, ‘rHCS Trin Hung Bgo, Cam L{:
Phi Tho: Tran Thi Yen Khanh, Tridu Hoang Anh
Dheermg, -'l.gul.'tﬁl Pham Thanh Nga, 943, THCS Lam
Thao, Lim Thao, Lwomg Minh Hicu, Trdan Minh

Khdéi, 9C, THCS Vin Lang, Vigt Tri.
NGUYEN ANH DUNG

LT FRErL |I -r .rI.I .I'll fhh".

Bai T6/511. Tl

_:_:I j g I-.I'.:I :-,_.I.l ”I‘

C— } Y —= F—x

frong do x, v,z doi mor khdce nhau

Ldri giai. (cua ban Phan Trung Diec va ban Phan
Trung Kién) Ta cé:

5 -_!,Illil % E - 1T

— = o ——-[:] L
3 3.3 93
Néu mit trong ba so, thi dy, x=0 thi vé trii cia
bt dang thirc (1) trér thanh:

X+ ¥  ofi ol Z+Xx
% I +
{1*1}’] [_}'—I] [I-:)

A
o o L
={_]}IMD+[%] +{!} 223'3—1“.

Viy (1) ding.

Trong ba so thyc xz =0, theo nguyén li
Dirichlet, cé hai sé cing diu. Khong gidm tong

-qum,slﬁn}ﬂ}ﬂ. [ﬂuﬁrunﬁ —_

e

e kel %

, + o 5 { >
y-z ] .EIH L

Dﬂuhingkhﬂﬂﬁwwﬂfm i
Nhgn xét. Cic ban tham gia gidi dr
thuomg ding phueng phép quy ngp, it
ding thic AM-GM (Cauchy), hofic bit
Hélder, dai hon chimg minh trén. D_'lllh S
i ding:
Vinh Phic: Phimg Nauyén Ngpe Hﬂ-‘f
Ducmg, Pham Hodng Higp, Trdn
10A1, THP'T :hu:ren Wuh Ph!.‘n- Ei -

;1+[F+’

Cin Tho: Phan T'r#ngﬂur Im 'mﬂrr
Ly Ty Trong, TP. Clin Tho; Quing Binh: L
Hanh, 10 Todn 2, THPT chuyén V& Nguyén
Binh Bjnh: Nguyvén Huy Hoang, 10T, H
Lé Quy Don; Ba Ria-Ving Thu: Phan
10T1, TI{PTdu:xamUQni-Bﬁn.?Eng» ;
Thip: Ngupén Thién Ly, 10 Toan 1, TEHET
Nguyén QWI!E Diéu. M Tﬂ-— b,-J_,_;-'-
Tho, Nguyén Xudn Tién, 10 Toér 1, THF ”‘ e
Quy Don, TP. Ding Ha; Sﬁ: ing: |
Thie, TA1, THCS Ké An, huyé
Nguyén Xuin Tung, 10 Todn 1, -
KHTN, ﬂﬂqgmﬁﬂ :

.....




Pt x, =2cosa, a e [0:x]. Khida: '

x, =x —3x, =Bcos’ a—6cosa = Em?-’n.
Twong B %, = 260830, ., Hy = 26053 ¥

§ il | §
Ta ch: X =yt O
b = Ty — 3oy _ ml} 8511
<> 2cosa =Beos' 3" a - 3.2c0s3"a dieimg cao Al
> dcos' 3" a - 3cos 3™ a = cosa

= c0s3 g =cosa =3 a=ta+k2n mffﬂ‘[fﬁl
[ #&2n i Vudng Boc
= 3w g (1) tai M. Goi D la g
5 k2m ke e rﬁ"‘g_b‘{" :h“' i
=@ (2) diecomg from, ‘“'1 :

Lai gidi.

Do ae|0;x] nén

20
-nr(l)suyra: & —-'[J.I.E.,.,.3 2+1:
Riikyi]
Q) sy k=0l 2 2 '
Két hop lai ta co:
[ 4 2020
| 2008525 =8 1*' B
x, =2cosa= 2 +1 i
k2w F=0. 37 =1
BN S tmcﬁm-:ﬁaﬂcETnﬁn- _
Viy nghiém cia (x; X,i...; Xy) cla hé la suyra BC L CT hay ABC :
fluusu: 2c0o530:.. 11:{!532“'":1} Goi L 1a EIHIJ ﬂi'&lllfﬁﬁl fﬁ-‘{ﬂiﬂ
;e o0y Iy Ceva cho mmﬁigf uromg
b k=01 5 BL, CE ta dugc
Vi o A g2 _ BE .JL,ﬂnl'
=5 k=01, 3 E.-![ LC HB

Nhin xét. O trén ta da gidi phuong trinh dai s6 da
cho bing phuong phép lugng gide. Miu chét cua bai
todn la ddnh gia duge

x| < 2,vi=1..,2020
(mic di trong loi gidi chi cdn dung véi i.q[s%p&

dﬁdmdmphmgnmhﬂmﬂim.fﬂ
da biét cdch gidi. C6 khong mhiéu by 2ia §
bii ndy. Mot sb ban gidi sai, mOU 50 b



g tgi C nén kg = KC. Hoy AKBC

' vin
\;L?.-::C:de 1 co bidn ddi goe:
i ak) = (€A, CT) =N, NT)

%y = (B,
{{L;di?{du bon digm A, N ¢ T cung ndm trén
I

mit didmg tronk Suy ra bén diém M, N, D, C

cing thuge mot drimpg tromn.

lori gidi 1ot
N xét, Cic byn sau ol
J"lu'l:h Phae: Vi Dire Huy, 10A1, THPT chuyén Vinh
Phiic; Bée Ninhb a'nmu::r Tai Pat, 10A1, THPT Yén

Phong sb 1, Yén Phong; Ha Tinh: Nguyén Thi Ha
Chi, 10 Todnl, THPT chuyén Ha Tinh; Quing
Binh: Bii Thi Thu Ha, 11 Fodn 2, THPT chuyén vV
Nguyén Gidp; Quang Tri: F'-'grrrﬁ:r Xudn Tién, 10T,
THPT chuvén Lé Quy Bon; Thiua Thién Huid:
"n-;l_'rmt'-n Onang Huy, 10 Todn 1, ."r:I:-_"H"I'{:‘.rr Duy Phuedre,
THPT chuyén Quoc hge Hué; Binh

1l Todn 1.
, THPT chuyén L&

Dinh: Neuyén Huy Hoang, 107
Quy Don; Ba Rja — Ving Tau: Phan Trung Kién,
10T1, THPT chuyén Lé Quy Bon; Cin Tho: Phan
Trung bhec, 11A1, THPT chuyén Ly Ty Trong; TP.
H& Chi Minh: Newuvén Phiie Thinh, 11CT1, THPT

chuyén L& Hong Phong.

HO QUANG VINH
Bii TY/511. Cho cdc s6 thiee x, v. Tim gid tri nho
nhat ctia bicu thire.

f 9 . y
P=sin" .1'| SN’ P+ oS _1.'+§|:us' x.5n° 2}’]1—'1:::1&' &

Loi gigi. Pt a=sin’x, b=cos x, c=sin’ y,

d =cos’ p. Taco: 0< a,b,e,d <1,
a+h=¢+d=1, sin’ Iy-4sm V.C08 y:«ﬂlﬂ&‘

Do di:

=
r

néu 9 -4z0 (1)
Xét trudmg hop 96— —d < Tncé

ob) +@=b)  ded o gy
=['ﬁ' 2 == Dt !:‘gb.:h, A
aed g ~4}¢k‘;

=%+ e b:r’+———-

e
)
-&lh‘

cd == [{r-i-d'}]w—f[.—d}]{ [c:+a’} =

Suy ra
ﬂm’{"}ﬁ —za b’ +-——[9£r—

P_u # |_'} + ——

=a +(l—a)’ +ﬂ?—['§[l —a]—d]
e Y 5-—9&}]
=£|:H.'a +8(1=a) +al

3 I'[E“: +8a’ —16a+8—9a +5ﬂ=]

1
_l{“;'ﬂ' +21a° ~16a+4)+=
8 2

_l{rl—ﬂj{4—12a+9az:]+l

=_{| a)2-3a) +22— (vilza) {2;'
Tummmmnhandummﬂgmmhﬁ

P2, P—Eﬂdukhia b-—g;f 20 oy

4

I -
Pb
EHE]I 1aTh ) J'"rulﬂr"l'“ h-# i

Nhdn xét. C '
nhﬁnu‘.‘rnﬂal




Biai TIO/S1L. Tim tat ca edc ham 56 f:R—R
e mdn didu kign :

FI21()+ 2y )= X+ [(2F(N+ 2 N VER (). . : 2 E'ﬁn‘lﬂfﬂﬁb._" =
L. giii. (Theo da s6 cie ban). [, .
i i 10 tim min 1, Ty, y= =70 80 SRR T
(1), ta duge: bl ) Gfm‘ ””.IT

(015 (2T MR g i :
= S22/ (/) + x)= [ —x¥xER. degre | diém. Néu kiong,

| : ba diém, dpi thua O diém, |
Suy a /14 todn dnh. Viy nén, ton tpi a e R dé y .

fla)=10 Thé v =a vao (1), ta duge: nhaait, Hel khodug R Fﬁ.f ., .
F2(x)+2a)=x+ ) ¥xeR (2) ' ding dlek v B &ﬂgﬁ[ .::.
[ chimg munh f la don anh. That vy, neu a4 gidi, (Cua bﬂﬂﬂﬁﬂg'ﬁm ﬁni,... : THI
Fla) £l thi £(2f06)+2a) = F120(6)+24)  chuyén Vo Nguyén Gidp, Quing Binh) =
nén theo (2). ta co: Gigi d(n) 13 khoang ﬁi?h.lﬁh".ﬁgﬂ,:l'.ﬂ .
q, 4+ f(x)=%+flx]sx =% 1) Vi n = 2 rd rang d[f:'n"zfl .. -.
Mhay ¥ — 0 vao (2) va sir dyng tinh don 4nh cua i) Voi n = 1: Gia sit bﬂﬂﬁiﬁ,d#,
i -.;-.-d;rn.r-: (2 F0Y 4 2a)= f(0) co 3 trin (A, B), (4. CHHB,EH 4 0 5
| 5 2 F(0Y+ 2a=0<> f{0)=—a. diém cao nhﬁt.. L ""fﬁw.-:
+) Néu A thiang ca 2 trin (4, B), (
(B, C) khong thé hoa do B, € khar
. Gia sir B thing, C thua, N viy 4.6 ¢
> fly)=y4 f(y=y—a, VVE K i dién‘i.,{fﬂﬂiém. mﬂﬂﬂgﬂﬁﬂhﬁiﬁﬂ;ﬁ
Thir lai, ta |h:"|3; ham sO fiNn=1+¢, (cEXNY ¥) " Nk ek m“ﬂ AV A q"‘
thoa man diéu kign bai ra. ) : C: A dugod dicmils L) L1 el
Viin xét. Day la ding todin co ban I\:é plluF!ng trinh X6t (BO . . . i
Fim fién o6 nhi¢u ban tham gia gL Pa so -L‘ﬁi.‘: ban Ny B ChosBD mcm .'.'-' s
déu giai phuong trinh theo cdch chimg minh f 14 5 nﬂ .
song dnh, Cac ban san diy ¢o In gidi ding: . ik mingi.ﬂ'thwj-ﬂ.ﬂaﬁ
Ha Nbi: Pa Xudn. Treng, 1‘:‘IT, LHFI;:IC:IUAT; ad : s
TN, DHQG Ha Noi; Ha Nam: Ng0 ¢ : e W ;;-:-T 1r
?II'E_ THPT [fhu}'&u Bién Hoa; Ba Ria-Viing Tau: = Néu B thuii;l G'ﬂfiﬁ': _l_ _.I r
Binh Dinh: Neuyén Huy Hodng, l_ﬂTs THFT chuyén +}.Nﬂlﬂ-ﬂ l:hi :_-:..--.-;I 3 ,I’\_‘!" ..- | v A
Lé Quy Don; pang Thip: Nguyen T.r.-:.-.;: Nine Einﬁ: thiﬂ% ?;ﬂiﬂmik}r it {TPOR
LT, THPT chuyén Nguyén Quang Diéu, Ha Tiak: — Xétman (8,0 =
Ng?ﬂ'i?ﬂ Hffng Ping, Nguyén Tﬁ# Ha Chi, P ‘I"'M 4 & ..
Thinh, Tin, Nguyén Danh Gia. Minh, 10T1, THER sa: B 6 diém, logi
chuyén Ha Tinh; Thira Thién Huéi Lé Hﬁ Néu B thu, C thing: B3 diém, €3 dilr
Ouynh Ank, 1172, Nguyén Duy Phuce 11T1. o
chuyén Quée hoc Hue; Nghé An: f-@a'ﬂ Lﬂﬁ"ﬁ s
THPT chuyén thBﬁlﬁﬂIL W @‘iﬁ
Hanh, Lé Hong Anh, Phan -
- Gi

i
i 7] A1

Tir (1} cho x=01a co:
(20 +2y)= fi2fm)vrekr

X

=
l' IF )
y




da*

i

B

: oo ©ic vifi BC. CA, AB ldn ot &
Tén tai mét giai dau ma sau khi giai ké thilc, 50 X didm ciia MN v B, P'fE ; :;

té ci cde 46 Gp think i 30y 5 O g g BC il AR A
lién tiép tic n =2 dén2n =3, N Cinimg minh ring Al song song
Do dé dtn) = (2n =3) =(n =2) =n = L .. thang di qua M vl rd Jﬂﬁﬂ'ﬂ'_ﬂ'ﬁﬂ:' ;
Chimg minh bang quy ngp: Vain =4, gid sir 4 ddn idc AGD. e
ld A, B, C, D. C6 6 trin: (4, B), (4, C), (4, D), (8, i‘.;h‘ gidi. (theo ban Vit Dic Huy, 1071, THP
), (B, D), (C, D) voi A thing B hoavii C, DL B o Vinh Phicy TR, Vinh Yén, Vinh Phie
thing D vi hoa véi C, C hda D. Khi d6 sb diém € Y= |
cia D, C, B, Alh2;3:4:5

Gia sir khiing dinh ding v&i n = m. Ton tai m d0i
A(1),....A(m) diu vong tron vii nhau ¢6 s0 diém

lam—-2m-1,....,2m —3.
Xé&tn=m+ 1. Xé& ddn A(mr+1) diau m trfin vin

A(l),..., A(m).

THI: m=3k. Cho A(m+1) hbda A(1), thua £ 41

A(2), A(5),..., A(3k=1) L-alha"mf. 2k-1 dGi con I

Diém cia A(1),..., A(m) sau khi ddu vai Alm+1)

lam—1,mm+1,....2m=32m=1. -
Gioi (5) la dudmg trdn Euler clia tam Eli':"EGD' ;-?;

Diém cin A(m+1) 14 3(2k-1)+1= 6k-2 = 2m-2

Viy digmcia A(1),..., A(m), A(mrt1) 14 la giao diém cua A/ va BC.
m=1, m, m=1,..... 2m=3, 2m-2, 2m-1. Dé Th&}" Fﬁ = Iﬁ: 13[]“-%—1?{:'-‘__”
TH2: m = 3k + 1. Cho A(m + 1) hil:ﬂ A(l), thua k =lEﬂ“—FF:ﬂ-_fE—-FFa—m"
d6i A(2), A(5),..., A3k — 1) va thing 2k d{i cdn % 5 =
lai, Biém cia A(l)...., A(m) sau khi dau véi zlgﬂﬁ_.ﬁ_m_‘g__ﬁ-
A(m+1) e thank m =1, m, metl,...., 2m=3, 2m=2. e
Piém cia A(mr+1) 14 3(2k)+1= 6k+1 = 2m-1. _op_B_C Ay
Viy diem cua A(1),..., A(m), A(mt1) la 2 SIS o
m=1, m, mt1,...., 2m=3, 2m=2, 2m-1. Do dé tir gidc APIF ndi tiep.

TH3: m = 3k+2. Xét s0 diém cia A(L),...,A(m) Viy IFA = 180" — JPA =180° = 90° =90°.
thir tyr 12 2m — 3, 2m - 2,..., m — 2. Cho A(mt1) ATy
hoa A(1), thua & +1 d6i A(2), A(5),..., ABkE2) v
thing 2k di con lai. Khi d6 diém cia A(1),...,
A(m) (khong nhit thiét theo thir ty) sau khi diu
v A(m+1) la m=1, m, mtl,..., 2m-4, 2m=2,
2m-1. Diém cia A(m+1) A 3(2k) + 1 =6k+ 1=
2m—3. Viy diém cia A(1), ..., A(m), A(m+1) 1a
m—1,m, m+l,...., 2m=3,2m-2,2m-1.
Viy khing dinh cia ta ding véi moin.
it ban tham gia gidi va chi c6 duy nhit P

loi gidi t6t. e
WD YN T o el BE RS
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- CRA
LU A i

1
I/ (dpam)
Viin vét. 1) Bl todn niy Khdng khé, nhigu ban

ghar gial gidd, my nhidn Wi giai cta ban Huy 18 ngln
]
Pk ANLTTE KR

Py R o e i oh cho ban: Biie Ninh: .-"'.';,'n'.'g-:r Tdr

Pat, 10A1, THPT Yén Phong 1, Yén Phong; Ha
nh: Ned Van Thdng, THPT chuyén Hi Tinh:
Oudng Binh: 86f Thi Thu Ha, 11T2, THFT chuyen
Wi

Mpuveén Giap, TP, Dong Héi; Thira Thieén Hue:

Duy Phiedee. 11T, THPT chuyén Quoc hoo
lud. TP, Hud: Binh Djnh: Newvén Huy Hoang,
{) FHPT chuivén Lé Quy Eon |'|'.|h.l('hl' Minh:

Vouven Phie Think, 11CT1, THPT chuyén L Hong
Phone: Soe Trang: Ldm Khdnh Hoa, 11AZT, THPT
aven Neuyen Thy Minh Khai; Ciin Tho: Phan
o P, 11TAL, THI] chuyén Ly Ty Irong

NGUYEN MINH HA

Lot grar.

. . ——
Khi con lac dit rong ¢ -3 - =
khiong Khi ¥ _*'.._ ) il
[ I I."
| 2, | ; e
\ g Fo
Khi con lac dat trong LR
dién trrong:
il - : | { 20
'=1 L s =TT, 1
I =iriT 3 B 3 T

\'1.-'5:: +a

T
— —
T

qE _
Tir hinh vé ta ¢4 : tandg = — == tan3”

ﬁg£=mam3“:;.r=1 E

V(%)

= | ST = |, 99865,
".:i,”u].-l— fan” 3

Nhdn xét. Chic mimg cc ban co lin giai ding cho
ad ra ki ndy: Ned Van Mink Thing, 12 Todn 1,
THPT chuyén Nguyén Hué, Ha Dong, Ha Nji; Cao
Trung Hifu, 11Al, THPT Duong Ouing Ham, YWin
Giang, Hung Yen.

DINH THI THAL QUYNH

Bai L.2/511. £)d¢ vao giika hai dav mot tu dign

ficn ap xoay chieu gor biln Hhire o Lipeoson,

rHERn e -,_J:.':P.J heari Bem tu dign Vil err.'r.l:lj; {Iq- dﬂ}rlg

dién gua tu dign lai tho diém 1y, 1= homg img ldn
Trcrt i L !lﬂ"'. : I --\i} -"1.\. ": :-!1-1_1'."':‘! 1\'r'_

2 AL Xac dinh bién do cua difn ap giira hai
han tu dién va cuemg do dong dign qua tu dien.
Léi gigi. Gia sir i = [ coswt thi

' I_: :
U= L.-'.,n::us| T L7, sin .
\

—

P N .2

- i u | _1

Suy ra |—| k| ==
'-.'|I|._- "-L"-.'-.-

Theo bai ra ta ¢6 hé phuong trinkh:
((BY

Sl +Fﬂ ‘ =1
%) 1T,

(e
I'i'l Un
Gidi hé phuong trinh trén ta tim duge:

U, =120(V); 1, =2(A).
Nhdn xét. Cic ban ¢6 15 gidi ding: Cén The: Trdn
Thi Kim Phung, 12A2, THPT Nguyén Vigt Hing, Q-
Ninh Kidu, TP. Cin Tho; Bac Liéu: b6 Van
Dieomg, 12CA. THPT Trin Van Bay, Phute Long:
Ha Npi: Ngo Van Minh Thdng, 12 Toén | THPT
chuyén Nguyén Hué, Ha Dong. Vil
NGUYEN XUANQUANG
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dim 30 cua the ky trudc, nha

Vio cuoi nhimg |
- Anh Richard Rado &3 néu

todn hoc ngud! Pirc
ra bii toan sau:

Sue tur va Dau si (mai doi teemg dege coi nhie la
mét dicm dom) di chuyén trong mot ¢ it treomg
hinh tron khép kin v clng toc do 16i da cia cd
hai la nhe nhai, Li¢u Ste fir co the Ir]'l;::; deegre

Dau 57 trong mot khoang thaot gian ik han hay

khong?

Bai toan di dwoc phod bién rong rii boi J £
Littlewood, ngudi dd danh cho bai todn nay bon
trang trong Tuyén tdp cla éng. R Rado da dat
tén cho bai toan 13 “Sur tr va Pdu sT°, va chinh
ong da dua ra mot “loi gidi dem gian™ cho bi
todn.

Chinh “Ldi giai’’ ciia Rado van luon Ii cdu trd
loi trong khodng hai muoi ndm, trude khi nha
toin hoc ngudi Anh gbe Nga Abram S
Besicoviteh, gido su ¢ Dai hoe Cambi da
tim ra ot 101 gidi tuyét vo1 va bit

':. ];lr a {

céich cho M chay doc thed duomg tron bién ,,'_-.g:._'..‘__

callggt & =

- .-——l'— i, i

A
L
o

ta c6 thé gia dinh e
1 2oy
theo vong tron ban kinbh 5 do d6 L s¢ bat duge

kinh 1. Khi d6, néu L ban din o tai :ﬁmj{;q i
nhur viy) thi L s chay d

M trong khoang thii gian can thiét dé iﬁpdﬁy
khoiang cach = Khang dinh nay l:!l.ll‘.ﬂz chﬁ::}g_
minh true tiép bisi vi hinh 1 cho thiy rang néu
46 dai cung MM’ trén duong tron ngodi ban
kinh 1 1a @ thi MOM =¢ vado d6 OSL' =29,
trong d6 S la tim cla dudng tron nho bén trong '
(cO ban kinh IE} tiep xic voi dudmg trom bén
ngodi tai P va dudng thang OM tai O. Do 46,
trong théi gian Déu si phai di tr M dén M trén
vong tron ranh gidi, thi Su tr di tir L=0dén
L' Do do6 L s& bit duge M tai P.

Mot cach tuong duong, véi ki higu gﬁ?xﬁ ?‘]'i,{ I
trén hinh v& thi 2y cho thay dﬁ!ﬁi;mm
trén duémg tron ngodi va cing la 46 dai cung

2¢4

ey Ul g &



nay houn toan khong the thye hién duoe, Nhar
s duoe xac dinh s bin

A8 Besicoviteh vao

o 1083w : . : ;
nim 1952, v duoce J. E. Linlewood trinh bay

luvén tip clha minh, thi Pdu sf co theé
khang bi Sw tir bat néu anh ta trdnh xa ranh

gl va chay dpc theo mpr con diremg j;.:i-'p khic
pha hgp

|||Ir':!_I

ar cra ALK, Resicoviieh:
Chung ta ¢o theé qia dinh rd rang rang khi cude
rarot dudi bar dau, Par T dane & diégm M, niém

rong cia ddu treomge hinh won bén kinh 13

theo don 'h!h,'-:Lllg' ciach, ta Ll =<2 {]‘:-,
khoang cach QM. Gid sir ring chung ta da
ding duge diem M va khi Pau si den
A4 thi Serne o L £ M. Pat M, sao cho
10 i Yl |.|'|..'_ ) | |_'||-|.:_-'|| |.1i.|‘|
! - khong nam trong nua mal
hang duoe xic dinh boi duomg OM,
hira ahir trone hinh 2. Trong Khi Ddau st
III 10 i | L kd I-.r 1-:_ ELT '|-_I' ';-['{'H 'lfl
shian 1 vl the 46 o1 da), anh ta s¢ khong
hé bi bt va khi dén M, , con Si i dang 0 mot
diém L., =M, nao dé Tong chiéu dar cua
Juromn gaip khu
\{ Il..ir I|-.||I N 1a 1_:’ .'II: -
——
i \
*
néu tong nay la v han M, O\
thi P si s€ khong b1 bt A aliN \
x i .',_h_| 1 L |
khi chay doc theo dutmg . |
; . L s .8 2
gap khiic nay, Vi vay anh 4 !
- ) |
ta s¢ khong bao gio bi .-’H

hit: anh ta sé chay mai
midi.

Hinh
Niueng chung ta o6 the dam bao rﬁng m’ mil
con dwong gap khiic nhi V@) Juén ndm bén
trong dau tricemg hay khong? RO rang binh
phuong cua khoang cach OM, la bing

2. Puramg i) gap khiic cua Py 5T

=&y + 3 <1543 [}, do d6, dutmg gip

kKhic M, M M, ..

. 5& luén nim & bén trong diu

trudmg néu nhie 3 <

Viy nén nhimg gi con lgm la ta phit chon mit

dity phu hop £, L.... thoa min yéu ciu trén. DAL

L=ck * véi ¢==. Khi d6, mot clich’ tim

|

thudmg, Z:‘, Id vO han va

1 Y

i - 1
.!' =, };L A g ,17_[.: ?drll-}t':{s.

do d6 day (/) s thoa man yéu cilu trén.

i
[R& rang la viéc chon [, =ck * s& duge thiyre
hién yéu ciu trén néu ¢ 12 hang s duong du
Mot lua chon khic la

shi nhién

[, =(k+5)
¢himg minh
Viy li bai todn d3 duge gidl tron Ven mot céch
rit bit ngd vi i it dep. Cho dén nay bai todn nay
van 1a mot chu dé duge nhiéu nha todn hoc

quan am.

i+ véai s do lém]. Ta cb diéu phai

Nhiéu nim sau khi Besicovitch tim thny lori gadd
wén. H. T. Croft di nghién ciru mot 50 bien thé
ciia bai toan. Ching han, ong di chimg minh
ring néu Pau s7 chay doc theo mft dudmg cong
¢6 dd cong giol han déng déu thi anh ta s& by
mdt con Sie fie lhunh minh bit duge, ma con S
tir ay khong nhét thiét phai lubn & trén ban kinh
OM. Ngoai ra, nng con xét bai toan:

Cac con chim hit mit con rudi. C6 mit so con
chim va mdr con rioi
trong hinh cau dom vi
dong d chiéu, moi con
chim va con Fuoi co ciing
e db t6i da. So hegmg
chim toi rfneu co the ba
chegre con ruoi la bao nhiéu? (Xem tiép trang 16)
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Hinh hoc tH hop 1a mot thé logi kho trong cic
hai thi hoc sinh gioi. Trong b viet nay thi
muon gidi thi¢u vin cac ban tré yéu todn mdt s6
thé loai dung k¥ thudt lin cin. Khong phai lic
nao cac k¥ thudt niay cting duge s dung Eiljllg.
nhau, ma ta phai linh hoat ap dung tiy v tinh
hun;ing ta gip. Thong thuong cac ky thujt do 1a:
ma rong (hojc thu hgp) bién, sur dyng bién cua
hinh d3 cho. tim cic diém dic bi¢t, Sau day la
mot s& bii todn tiéu biéu v d§ kho va dj phire
tap khi dp dung cdc ky thudt trén tang din:
Bai 1 (Bai so 3 ngay 1 Ky thi chgn hge sinh
Qudc gia 2018).
Mei nha daw tic co hai manh dat hinh chit nhet
cung kich thedge 120m = 100m.
a) Trén manh dar thie nhat, nha dau tur mudn
xdy mol ngot nha co nen hinh chit nhdt co kich
thiede 25m = 35m va xay bén ngoai ¥ ban hoa
hink tron dicomg kinh Sm. Chimg mink rang di
xdy fride 9 bon hoa & dédu thi trén phan dat edn
lai van dit xdy ngoi nha do.
b) Trén mdnh dar thie hai, nha déut e muton xdy
migt hé cd hinh da gf.si.u 16§ sao cho tr mér diém
hat ki trén phan dar cén lai ¢6 the di khéng

quci Sm thi dén bo ho. Chimg minkh r:i?lg dﬁfrﬁ
kﬁk&ﬁngnhd hom 440-202m. L .lf

i’_’:_"lﬂmﬁwmmw

'''''''

Yl
Bai 3 (Bai 15.123 trang 19, "'Cde bai todn vé
hink hpc phing' Praxolov, Nguyén DE va
Hoang Dire Chinh dich, NXB Hai Fhﬁﬂ-&
1996), Bén trong hinh vuong canft 100 dat mot
dircmg gap kiic L co tina & hat la moi diém G‘Hﬂ
hinh viong deu cach L mgl Mwuug khong -*ﬁ'-"-'
hem 0.5, Khi o trén L £ d'it. o ma HHJHHE
cdach gita ching khong lon han I, nhung
khoang cach dpc theo L glird chiing khong nhio
Herm 198,
(B toan nay dum: thiy Van Nhw Cuwong dé
nghi 1én Hoi dong thi Todn Quée Té 1980 va
durge chon trar thanh bai so 3 trong ky thi IMO
1981.)

Bai la) la mjt bai chia hinh kha quen thui}m
Trong dé thi nay, bai todn kho hon chit SO ?ﬁ'l

cacmmmmgapmmphmcﬁaﬁtv’ﬁ
xoay hinh khi chia hinh chit ﬂﬁtiﬁtﬁhﬂwﬁ

hinh chir nhat nhé.

Chirng minh bai todn Iit}.
Trude het ta dm hinh t:hl!

Iiﬂm _1,

1 ;.j-!ﬁtu nfm '
"I '"!;"‘ ;._ h:.:




Nhu vy, di 9 bon hoa duoc xiiy trude o diu

I 1 | ' o] y
hing nira, ton tai 1 hinh chir nhfit nho khong

chira tam bon hoa nio ci. Thu hep ¢dc canh

an L - e L i - ] - &

hinh chir nhit nho nay méi chiéu 2.5m thi ta thu
duge mot hinh chir nhit kich thude 25m = 35m
khong cd phin chung nao védi bon hoa nao ca.

[a ¢O the xdy ngdi nha cin xdy trén miéng dit
1Y

{.iFT

oyl bai [h),

Meo gia thiét diau b thi ton tar cac ditm A, B,
(', D tren bién hd e va cach cac dinh A, B, C,

miéng dat hinh chir nhat 120mx=100m

I e

mat khoang <Sm. Dé thiy chu vi cia ho ca

4'BCLY,

khong nhé hom chu vi fr grac cho nén

14 1 51 7
e L e

dinh khi nio tr giac A'B'C'D' co chu

1 b niat

i I .IIJI_ H

{ | ¢

gl |2

| II
.'i
D! LD i ______':__'"_.:{";
D p; LG
Hinh 2. Xac dinh cac diém dae bigt
Tir A' B €', D' ha cic duémg vudng goc lén cac

canh cua hinh chir nhit ABCD (xem hinh 2). Do

khodng cich Ad' <5, cho nen

AA] + AAS -f-.,,I"H‘JI" 4

Twong tyr, suy ra.
AA! + AA, + BB] + BB} + CC[+CC,
+ DD/ + DD} < 202
Bing so sanh dom gian, co thé thiy chu vi tir
gidc AB'C'D’ 2 AB; + BIC; +C[Dj + DiA;

= AB 4 BC +CD + DA~ (AA + A}

+ BB + BR, + CC] + CC} + DD + DD")
= (AB+ BC+CD+ DAY - 2043 :
= 440 — 20+/2.

Lot grai bai 2).

Hinh 3, Xdc dinh cac diém dac bigt
Gid sit ngudi linh xufit phit tir dinh A, tiép theo,
Wic mao d6 anh ta phai do min ta1 dinh B va sau
d6 1a dinh €. Nhur vy anh ta phai &1 mit diém
G trén duémg tron tim B bén kinh nira dwong
Sau dé anh ta phai dén mot diém H trén
dudmg tron tim C ban kinh nia h. DE thay bai

B- i)
2

toan quy vé bai toan tim diem G trén [

cao n.

sao cho tong khoang cach GA+GC bé nhdt ¢6
thé. Goi M 14 giao cia phin giac goc ABC véi

dudmg tron LE%] d 1 tiép tuyén cia dudmg

tron [B'l—ll] tai M, va A la diém d6i ximg cla 4

qua d. Do tinh d6i ximg, ta d& thay ring ludn ¢6
GA+GC=GA'+GC2CA', ding thic khi va
chikhi G= M.

Nhur vy con duimg do min ngin nhét )u.lﬂ phi‘l
tir 4 di i diém M va tir M di doc MC cho 161

1

khi dén khi gip duémg tron LG‘E] >




" MQET SO BAI TOAN e
L giai bai todn 3).

ik 4. Sur fa"qdrr,i,'_11{ri 16 o tinh chdat 1opa

a xufit phat tir mdt diém diu s di doc L téi
diém diu kia ¢ cia L. Trong qua trinh di nay ta
s& tn cac dinh A% B, DY g.'in cac dinh 4, B, D
hinh vuéng mdt cdch wromg img m{t khodng
khing virgt qua 0,5. Gid sir khong mit tong quat

: £ PGt ; 7 45 AR
l4 ta dén A' dau tién, sau 36 dén B' va cuoi cing

-
T ITITR VTR T PSS S SR RS L SR SR ll¥*-****-**‘*""*“'*.**.-..-**.."t""*‘--'*‘ﬂ'ﬂ

BAI TOAN SU TU VA DAU ST [.ru"p theo frang 33)
Lini giai bai todn Su tir va Bau si cia Besicovitch
cho chung ta biét rﬁng. d6i voi & = 2 mét con chim
l4 khéng di; dé dang thiy ring hai con chim la du.
Néi chung, véi o —1 con chim li khong di, numg
v of con chim la da.

Con rit nhiéu cic bién thé thi vi khic cia bai
todn, ma cdc ban ¢6 thé tim thiy trong tai ligu
tham khdo. Bai todn sau duge dé cip bdi /. E
Littlewood hién viin chua dugce gidi quyet.
Hai con Sic tic trén mpt sin gon. C6 :hég'ra
St 1t bét dwge Ddu st trén mt san golf ¢o nl
ﬁmﬁ@mﬂﬁ T JEF H‘mi’lﬂ
Duong nhién ta gid d!nh_li ni 5T va Si
.kﬁang duge phép budc vio ¢
:ﬁﬁnmhﬁnﬂﬁeﬂ "@p“illﬂ:

¥
r

e .': fey R
r::,._.:-- .-|_-|:_:-._|_J [

M, 1a tip diem m .-m
diém nao do trén dogn doc ltlﬁ?
khong viat qué 0.5, vi M, 1 tip di
¢6 khodng cich 1 diém nao do6 wén @
theo [ tir B dén ¢ khong vurgt qua 0,5.
i+ trén AD ciing cach mét diém nao d
mét khoang < 0,5 cho nén JDEM. Ha
M, vi M, déu la hop cua céc dogn {
nén giao cia M, va M; kh&ngphﬁi v
Chon P i diém nhu viy vi Fla diém tﬁﬁ ‘
ir s dén B’ va G la trén dogn B’ téi 1 (doc the L] d!‘
sa0 cho PF,PG <0.5. Déchimgmmh:hg ,_‘:-'r._
diém F, G thoa min ycu cau bai todan, i
FG < FP+PG<1 va khoing cich doc ﬂlﬁ
duémg gdp khie tir F dén G khong nho hom t
AR +BD 22100-2.1=198.

ﬂﬂb@nu&wumﬂnnﬁaqmthh&lcicbhmﬁ'
uacamémmkhmmmmmmﬁ:m

(1] John E. Littlewood, .Lm.'l'nwdw
Edited Imd mr.h a fumymd.
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PHUONG PHAR

,_E-:[i‘-i:: TORXR I

_ap hinh hoc phing & ":f:'-r-" THCS

] rEE
R nbodés iy
goc rit quen VU1 b de sau day;

ﬁ‘hinban

i 4. Cho tam gidc ABC a5 ) :
go de - : v I, ldn {tegre
wim diedmg [ron ngogi tiép, diecimg trap il tid
fi : ep
dicmg tron bang tiep gac BAC; 1 13 fam
g fron e YL H'-I'.l'?fg

VOT dheimg g (O} rai
y TR Vird |'-;:J'HI; HL’._' .F{J'I D; E ;I'.i 'dl-::'?m

hink giita cung BC Khéng chiea A, fq co:

I.‘. 57 [ICE
VBadiém K, D, E .I'i'}fjﬂg hang.
Ef Ll° = EDEE.

3y E la tdm dieomg tron ngoai ﬁtip fie griac 1Bl C.

bl EB

Cic tinh chit co ban ndy ban do
T
minh d& dang. Tuy nhll.ﬁi._?él- f'!

ohidy o ['El]"' .|II_.,'.:-:'-'

813, chiing ta sédén“ﬁ",'.bt
b6 dé trén, e

L
s

B8 L Cho tam gidc ABC ngi tidp cdinmg nﬂg
(). ngoai tiép dwmg tron (I): R la diém b

ki nim trén cung Be khing chia A. Ké tigp
nvén RXY  RY tii dwemyg tron ngogi tiép m
gide AR va Iicfp tuyén RZ . RT tdi cfwﬁngﬁﬁll
ngoai fiép ram gidge  ACI . Chimg minh r&ng
frung diém ciia cdc dogn thing XY, ZT va diém
I thang héng.

Loi giai.



4a *

 c6 3 diem A, C. M thing

! L 2 dinh 1¥ Pascal cho 6 diém

hing. Ap dung
[J K JJw,dei&m L, M. I thing hing.
R C 8B

Bai 2. Cho lam gide

(0) va n o fidp dieang rron (1), Dreemg tron

heng Hiep (L) s
F AR i M. M

l,iif-\I .!ﬂ:if I”::f:r -I'.-rfffjl'ﬁ‘.q' ]'r,rjr:

VO O -I' cud fam giae ABC
cdt BC tal N. P
e LB l:'-;“n-rls:

Hep crie W
I Rk chidn vuong Lo citd C
minh rang Al vl PN cat nhau trén dweng tron
(€2

[ & gidi.

Goi J, K lan lugt 12 tAm dudng tron bing tiép
géc A va B cia tam gidc ABC.

Do B/, BJ la phin gidc trong vi ngodi cla goc
ABC nén B(AN,IJ)=-1 = B(MN,IJ)=-1
= P(MN,1J)=~1 (1), Lgi c6 LBA=CBJ va

LAB = W-%E-E'E' Do d6

ABJC déng dang, ﬂﬁﬁﬂduﬂngmmgggma

MAL v

'a. i -Hlll}éFL

frung ¢

Wﬁﬂ“ﬁﬁw g e m“ﬁf = PMIIAT .

|

Bii 3. Cho diimg on (©), ddv cung
(1) lax checmg fron tiép xtic trong v @

"'*"~.r

(O)rai F va tiép xiic véi AB fal E. Gol

fan Juwgr i dicm chinh gika cld cung 3 |
dicm F v cung AR khing ehiea diém F .. p
tuyén NC, ND chia deecmge fromn “] (hraai iﬂlﬁﬂ: N bJ
ném trin degmg ron (1)) AC car BD. .l'ﬂi-,%"'.
AD cdt BC tai Y. Chimg minh rang bon diém
X, Y. M, | thang héng. &

Lari giai. :

N
Theo b dé wén thi 3 diém E, F, N thing hing

vi ND' =NC' = NENF=NA* =NB® nén cic
diém A4, B, C, D cing nim trén dudng tron
tim N ban kinh NA . Beirringmuﬂgw&n
cua dudmg tron (N) tai €, D nﬁt thau tai

cc tiép tuyén cua Gllﬁngltﬁn" '
nhau tai M Apdung-il_}nh

CD AN
ncn S
e,




il i
L '\--Irllg'fu Clica

III li.lr

i
LLET) Yo

i i
ey oy £ g

[ i
L1y f

L T .i.“u
Y P
LFran ||._|I feri
flelh i }
(2
| | .'i-'l"l'.'.:'
FETr
{ _--'-'-"'
|
[ et 1-': _D
2 \ o/ bl .-_-1'-*'“"
\ =<hl
X . O L4 M,
i r..' o -
r --]r
1 a co AN .'J.'I-.r- A% = _r:'r.rq” , Suy ra

VN AL A 1A nr gidc nOl 1Il..:|'3I Dan dén
ANN. =AM M,

_ﬁ':’?.ﬂ_..li_f‘_ T .h':'f.-"f_g

5

'\-l'-lr fljlﬂ f _'|1|||I.'E.l

4

;4 AC =sd AB hay A i diém chinh gi

cung BC . Tirdé OALNN;-:
b} Theo bo dé trén thi

e e 2
AR = AC* = AN .AM = Al

h
a4y -'lﬂ'_-,..f{.'-=d, (.

Theg cu g,

@ed 47 1
Tir (1) i * Phin gike cim. BAC (2).

L2y suy ra /14 g
n dudmg trin
am giae 4 B 3 Wi

¢) G 3
.“3“ R. R, R, lin legt 14 bdn kinh cta che
diomg tron (o),

LD ) va (0,). Gid sit 0,0, cit
NN -

D Theo bé di trén, ta cH N.. N, lin
| Wt i -
Ut la tiép didm cua hai dudmg tron (O) va

\;) i BC. Tt dé suy ra D 1 thm vi by ngodi

cla haj didmg tron (0.} va (@, ) nén = = 7 -
- N R,
M., R
Lol <ii % —
MO, R Suy
DO, M.0, MO
DO, M,0 M0,

Din dén 3 diém D, M,, M, thing hing (dioh 1§

Menelaus dio). Viy, 3 duimg thing N N, , 0,0.,

M M, dbng quy.

Bii 5. ( Bulparia TST 2008) Cho ram gide AB(

fane can trung tuyen AM, cac diwmg cao

3, OC, odf nhau rai H. Ewrong thang qua

i AM' cat BE,. CC, lTan (eeert fol

a dicgrmyr tron mgogi Hep tam giac

EFM . Gt sur K, . & i .frf-'r?:g tran If-.-'{? TIAC

viri EF va une EF cua diromg Iron

flg'p XaC Vol o
k khéing chwa dicm M. Chimg minh r&ug el
k. k. ¢dt nhau tgi P, () th ba diecm P .M, Q)

thang hang

L gidgi. Goi X 1 giso diém cia B,C, vi BC. Ta
co tir gidc BCB,C, nii tiep duomg tron dudmg
kinh BC nén theo dinh ly Brocard ta c6
HX L AM = HXIEF (1).




Mat khac (X4,BC)=-1 = .F-.f[_\'.-g,ﬂr:‘}:—1

. H(XAEF)==1. Ma HE ~EF=E}

HA ~EF=A, HBOEF =F (2) nén tir (1) va

(2) suy ra AE=AF. Do 46 AMEF cin wmi M,

suy ra ME=MF hay M 1A diém chinh gia
cung EF
MEF .

ciia duomg tron ngoai Lép tam gidc

Goi tép diém coa dudmg tron k, woi dudmg tron
b v EF lin luot 1a I, J;tiép diém cia duong
tron k, voi duong won & va EF lin gt 1a K, L.
Ap dung bo dé trén ta suy ra 3 diém I,J, M
thing hang, 3 diem K, L, M thing hing v
MED = MIMJ: MF?=MK.ML. Két hgp vOi
ME = MF suyra MIMJ = MK.ML. '
Suyra M thude truc ding phuong cia hai dudng
won k va k. Véy, 3 diem P, M, O thing

Ké dudimg kinh DK cia dudmg l;[f}:l'l- [.ﬂ}lﬂ :
li gino diém caa BC vi EF: T pm
gCva KJ; N lagao diém cua BC va KD; I
1a giao diém cla FO va KE. Th:uhﬁ.ﬂ
c6 3 digm F, G, D va 3 diém F',_h:;ﬁ,
hang. Xét tam gisc GDK €0 Sd-,ﬂmg
DE . KF dbng quy 'ai true tam S. Tir ¢
inye tim cia tam gidc SKD. Suy ra €
duimg tron ndi iep tam gIAC FEN nér
l hai phén gidc ngoai va phan gﬁg _
ﬁr, Suy ra; i L

F(5G.TN)=-1 =(SG.TN)=

=—1 (1)

Ly _JG_Gl e 5

M — = =—




\ ’
am gidc ABG v S
]

romie tran () e i |
ri'ﬁ'rq.:

F r
el & B

Ke Hep tuvdn Clicy (O 1 |

yenir ) -'HHJE_' ik ,.'.in
B Mdidan Ot
g hng “*@
it g1 JEE i

o b

I~ "'"““H *’Iﬁﬂz TE, rmn b sﬁr‘? o

II. H“x_ [ﬂj thr e ]‘qﬂ' '-'-'ﬁl'-"-ﬂ'.fém H hﬂl ik g )

{ 5 : Jﬂ FIFII","_IH MIH& 'FEFHH 'bﬂ' %‘ m M.. M — {
'\"\-\. ] iy SRR M 2

| _ N Y Buethig piidn gide viia goc BAC cdf MCai P,

Aitcimg. thing KP cir ON ral' Q. Chimgs minh réng

new NI i dhedmgz tron ngoat fdp tam Eil'-'il‘-' w‘ﬂ'ﬂ 1
thi ban kink decrng trin ndi Biép cac 'ﬂmﬂﬁﬁm
va ACD baing mhau,

Do N. M la cac diém chinh gifta cung nho AB
vi AC nén theo bd dé réntacd NA= NB = NI,
vi MA = MC = MI,.

Mi PNl =PMI, vi PlLG=PLG nén

PN _ NI, _ NA
PM MI, MA

APIN <> API, M. Suy ra

0 thing hang. "
ot ST
dlém - l.r-,ar'_

rong bai toan trén r.:hinh tﬂ uép




Mat khac, @ nim trén tia phin gidc coa goc

ACD vk NQ=NA=ND nén © I tim duong
tron ndi tidp tam gide ACD. Goi r, © Jiin Tugrt 12
ban kinh dudmg tron ngi tiép hai tam gidc ABC
va ACD. Ap dung dinh I¥ Menglaus cho tam gifc

MCN voi cattuyen K, P, O taco:

CMND o E MK NA pC AN KM

PM RN OC TN OC PG AM KN

Mi AKAM == AKNA (g.8) nén

KA KM AM KM (AMY =

e e e AR b i) udfolie ) L
RN KA AN L s R )
), AN [ A \* / a1 a-_F:-_

den {'r_ -L. A% = .-lﬂ_._m_-!_l’T._'r:.lf hay
P AM AN AN gin AN
OC.sin ACN = PC.sin ACM. Do dé r,=r,

BAI TAP REN LUYEN
Bai 1. Cho tam gidc ABC co durdmg tron noi tiép
(/),dudmg tron ngoai tiep (O). Pudmg tron tim
A ban kinh 4 cit dudmg tron (G)tm M, N
sao cho M nim khic phia vén C doi von duromg
thing AB. Dudmg thing MN cat cac canh A8,
AC lin ot i P, @. Goi (K) 1 dudmg tron
tiép xilc trong véi duimg tron (@) va tiép xie v
cic canh AB, AC. Chimg minh ring dudng tron
(K) tiép xic voi dudmg tron ngogi tiép tam gidc
APQ.

Bii 2. (Dé thi Olympic KHTN Ha Ngi ngay 2,
ndm 2&!?} Cho tam gidc ABC nhon, khong cin
nii nép du'ﬁng tron {ﬂ] GI:II I la lﬂmdﬁﬁng

mng:népgﬂammgggﬁ 4l o . BC i

Dy a5

B vaaé:tdmguan@) m _L,_;

KE it ge wi T Bﬂm
K. AQ mduﬂnguﬁﬂ{ﬂ)ﬁii, L
PTHIKR.

diégm £ khie diém
KEP va KET cﬁdlcﬂﬁﬂhhﬁﬂsnhﬂﬂr.
Bai 3. Cho tam gige ABC nhon N ~.

won (@) o diém D thay doi trong C 540

oo FDC=90% Gol I ENGEEE .:h&m

i duémg tron €O {am ./ nim trén BC ﬂ;

v&i Dltgi D. Dumg won (J) ciit dudr
g F vacit BC wi G. (K) L 1 duimg
tron qua O tiep Xue voi dudmg tron (| ’ Lo
Goi EF cit BC Wi [f. Chimg mmh 3

diém cia FIK va FG. co dinh.

Rii 4. (Dé thi chon Dgi tuyén TP. Ho m*
npay I, mam hopc 2018-2019) Cho ;IB
cung co dinh Khac dudmg kmh ﬁﬁa d -'

() rai

cung lém AB (0" khac phia.vﬁl M

thiing AB). Eﬁeﬁubnsﬂlﬁngqﬁ%
véi O'A v O'B cit doan thang
@iliz) |
a}ch&rngminhring-ﬂ—-"~":
h}ﬁmrlmimmuac furimg

':IJ'L-'



.. deriviate both sj . .
.L“d'-”“”'“ oth sides ﬂf{'i}wuh fﬂﬁp:ctm; ﬂananmj;pﬂmt ﬂgm,w

| 0 8 2% — Ay + xp! !m_nﬁm{y tdn [uﬁalﬁrﬁfﬂﬂngfﬂn] s ,-1 - il
iy V)= -2y, ¥ =0 deriviate ' M‘..Jd‘m-_]rﬁm Ll
(notice that we apply the product nyle ang chain rul i e itine fazo)
|e here) chain Aot grally g e hmm
e
| cey’ = (x-20) 1 2x+), Translated by NGUYEN PHU HOANG

)
(College of Science Viemam National University, Hﬁ

T
LR LR T
b L L T T T e TR L L DL L S

| .

| BAI DICH SO 53 Héng Phong, Nam Bjnh; Nguvén Hoang Long. s
AR e 7B, THCS Nhix B4 S, Hoang Hoa, Thanh Hﬁ-f :

| Bai toan. Trong mot phép thie xde sugtied hai Neuyen Hang Nga, 7D, Pham Viét ﬁlﬂh: 3

AT L AL Attt b b5 0

| e co A va 8B vol P )= ! P i . THCS Ly Nhit Quang, Bo Liomg. Nﬂ* h"
| & W PUBI=T Va8 Newyén Ank Qudn, $D, THCS Trin Himg Do,
3 Cam L§, Quing Tri; Dao Thi Khanh Nhi, 10
p(A'B) - Tim P{AB). Todn 1, Hm Thi My Lé, Lé Nwﬁn m
: : Anh, 10 Todn 2, THPTnhumeuﬁchncﬂl%
Luu y. A" 1a phin bi cta bién ¢b A. Thira Thién Mué Newén Huy ﬁ:-?*"‘" 1

THPT chuyén Lé Quy Don, Binh | %1‘3

Lai gidi. Ta c6: P(AUB)=1-P{(AVBY)) Hoing Khoi Nguyén, 10T1, THPT

=1-P(A'nB") Nguyén Qunngplﬁu,nﬁng'l‘hip ' . ._ i
_]'-él E_ i T LA 5h'
R
Tir P(A\wB)=P(A)+P(B)-P(A0B); ;
bl Y »
P(AB)=P(A)+ P(B)~P(AVB)
Lol 2‘_1_3’, - * —
suy ra: P(ANB)Sg=a=a 3 | Amoath professor, Amative’
E—-E=—1-Lm lhir
60 ﬁt} 60
Nhin xét. c&-:banﬂuﬂﬁ .
Tbammsﬂmﬂ'ﬁ! !

Gia 'm, Héng B&ng."




e
E&J{H (NCDY =7 b, LAl ==,

Vi Vi = Suen AT
Cich 2 (Hinh i cach 1} Tinh dm:n:: F

: I _d.axh
-5'-.IIT'=ENC'C Fj" 2, r

e R

1
Ta cd: Vyaco = NA Sy SEEHE )
BAl TX I'.-'-'i.""i 36, Choo Binh chop S ABCD, et 1
(BCD la hinh phane vuong el A vd B, hiet Lai CLY; lr.-.'.ﬂf{1=5dl:ﬂ [NED}}'S
17 = i, Al Ver oad = el BT BT _||_[|r'p"|'_',|']'|. - 3; e {T ﬁﬁ- ik .
Gl M va N Fan ot la frung diee Cud 58 84 1;'"‘3 {NL- Vs .'-'1:n 22 ;

Tinh the tich Ehvied 1o clfién MNCD theo a

L pigi. Cach 1. & NAC co: MI
ey : Ta c6 BM cit mp(NCD) tai ] Vil —

Fyvd § gl o N | a3 | =, lla BI
.-‘IL =.~'I'.|"I ¥ .".rf_ e | ‘,”\,._ - —
ey 4
i - | ay 66
— d(M(NCDD =73 A(B;(NCD)Y ===

= M = A
=

Tir g thiét hinh thang Pén day ta co

ABCD co AB = B =
AD'=2a, 54 :uu'rl ta

"45

4-b.'~”""|

A(M(NCD) =

i = E Syen

Cich 3. Tach:

suy a CDLAC, Ma e
§A4 L (ABCD)=>CD 154 SO VI 1oy p ADEEGE
— CD L (SAC) 3 3 L
— NC 1 CD. Taco: BC L AB,BC L. SA= BC 1(SA4B).
Pén diy, ta tinh duge: i ¥ -
T ﬂj{'lﬂiﬂ:"ﬂ ‘S_Iﬂ-l.l=_ "
:.W—lm m—l_%—_‘ e ::ﬁ‘ 3 3
1
Goi J, 1 lin lrgt a giao diém cia AB va CD, SBva Viaen = Aﬂﬂ;mﬁl AN
NS Ta:hﬁy.f lamgmmﬂuaﬂﬂswm T
M Tx
T.':T__E: J(M;.(Nﬂ'ﬂ}}=—¢f{31{=‘fﬂ?}} Foo SMSNSD 1
¥,
Gw.ih'laduangmnmmﬂc,m@, mﬁﬂf&aﬂ-ﬁr

CD L(SAC)=> AH L. CD.Tacinged: -
AH L NC=> AH L(NCD)= d{;ﬂ,{h@@)‘hdﬁ iR i T
3\ J" !-" - i lﬂﬂ"‘; ﬁ"i ] ..,__.__ Jp.t oh y ; ;:::I_- ] o

. 1I||' COC AT =
S AL CDy 45 1-'ﬁ



g 4 Goi E i trung didn, .
i i h nﬁu 0
o o, Dy DI
Id_ |_'-|:-f-Il N=>CE L NE =
(5

01
i LY IH‘F’* ':.!...'”_-I'T.

-!'_J
2
G NE 14 hinh e’ iy
: A tal NvA R » 0 Sl o
:.:Iﬁn'-"l VUOTEE F1 | v Vil £, T‘Z#?W : Slﬂa:'-

i _L_’.I.-'.1'L‘ ‘-'u{‘lng & IS C&c A
Léch 6. Chon hé 1y
o4, tinh dwge: SD = l;'.i'..l'r_.l_' = Nﬂtl.EL}:E_Ji ﬁ dj ﬂt}n; . m
2 o, :itnhﬁvt ol A(00:0), .
i @00), D(O2a0), M
2 g - U0 DK |3 duimp  Claa0)va

0 cia ADNE, suy ra: S(0,0:a4/3) X

nk L (NCE) = d(DACENAMN =

- 1 [ ))=DK. Tach; Khi dé: N u.u,ﬂ\\’i M d.ﬂ_ﬂ'ﬁ
| ¢ il '-.-1'1__"_1 DK 1".!!;-_“:\& EE . ' r"__l ' "z-t " 9 *
i — ._?. = ad - _—I_._.'-_—;Dﬂrq !

=7 : ol
4 T J3 : —a3 '
— —av3 A
_ T NC =| a;ai—== | ND=| 0;2q; )
Khi do Vi _;-*-.r.:xftftt-lhﬂi:%-?m.,m:f]-“'_‘:‘,_ L 2 } L 3

. v ’ 24 22 .
Quan $4 cach gian trén, ta ¢6 the tinh khoing cdch  suy ra §.. = 1 NC A ND _a 22 viL vecto
wr D den (MNC) gon : L El i D‘ 4 1

e

L
e

E

Af

1 UL

- NEMN =2 VT

5 3

phip tuyén clia mp(NCD) Ia n = {\ﬁ;ﬁ;ﬂ,
Phurong trinh mp(NCD): _
a-J66
Jix+ -J'i_',,r+4z— Jay3 = 0,d(M ,(NCD)) = .-éT"‘

i hinh vudng. De - |
) i D‘; M{:‘ — = IB
Goi A la duong cao VY Vi 3510“'"" ( ) i wmeet

tia AANE. Ta cé: CE L(SAD)=S AR L CE s Nhom HTS (Happy To Succeed),12 m
THET chuyén € Hodi Nhom, Binh Dinh
i c6: AH LNE=>AH L(MNEC)=>d(A:(MNEC)) = AH. chuyén Chu W-‘Hﬂﬂ*‘ L n, Bir %"
; £ tach: Nhin xét. Ngoai 6 cich gidi cha Nhém HTS, 12
frong A4V S i Todn, THPT chuyén Chu Vin An, Hoai Nhon, Bink

hem nhLr sau
Goi £ la trung diém
a AD, khn do ABCE

— e e —— y

e AN: AR a8 a 3a gidi twong ty cia ban ﬂgw wamg,
Mi AD cit mp(NMEC) tai trung diem E ﬂm ¥ Rt
nén d(D:(MNEC)) = d(A4; MNEC)) = fﬂﬂ' ,{B;:,':; |
Cich 3. Go1 E 1a trung diém GIT!EAH-, 'ﬂﬁ
la hinh vudng. Dé thay {:EJ-{W’}? S

Vi MN // AB, L5 S - 4

=-1 AB: —_— : : | -.'Z:.-._- \ jl.



N ; I Fe.

x+y+I) _._“
e 1{ %l

3

I -'n'—._.
Ping thitc xdy ra & ¥=Y===5 58 Bn-

|-' '1',.'-_"..:
¢ chn tim s& thoa miln: :

{5 1 Cz=

——]5= h

g ! 3 2 lﬂ
Dudi diy la lon gidi bl todn dirge dua ra trong

phiin bai tip dé nghj & TH&TT st 513, T3.2020.

& J
i = oh @ bl im AC = vy
Suy ra hing st nho Ilhil GEI.'I :l:l? ,:i!:;s
it ding thirc dd cho triy thianh diing thite khi _;

Bai 44 (T-2, MEMO 2017). Xac dink hang 3¢ bi

thiee O nho mhat cd the sao cho baf gt

= |
(x+ rﬂx+:‘]{y+:}=1’.} hofic X=y=Z=—=,
e | | B i s S e = Y | i1

3
_ _ Cdch 2. Thay =1=2=¥ vio hai vé ciia (1) va '
fudn dhing voi mei s6 thee x, v, = thog mdan
¢+ P4 =] bidn di ta cd: A
e A _ e = L, |3.|Hn[n]:|{u--.i
Lt gigi. Cdek 1. Thay | bon —(x+y+2) va e ‘H_”h I-I}{;[-l-}ﬂ[.t et PR ]1{4}1
(x+ ¥ +2) vao vé trdi va vé phii cia (1) ta ol Néu x=—Ly== holic X =—Y lhiﬂihuﬁcﬁ
paRds bty )] (4) biing 0. Trii lai, ta cé: b LS
<C +y° 42 = (s 4y +2)| . I<50(X +xy+ Y +I+r+}'}{5:l F Wi
Nhdn xét ring v = x thl VT(2) = VFP(2) =10

nén (2) conhdn tir Jax + =.

Vi x 4111-1."1|+.!+L"(IT'—+ lj-&*
Twong tu: (x + v), (v + z) ciing I céc nhan nr. Tu
dé suy ra;

2
e ~t
B+ x+z)y+z)

3 '|-|L m 3
1:{“|'Fr.r+_: Wx+z X p+zN’ +y +2° +1‘_1'+.1.:+,|.:j!'.

tirc 1a VP(5) ¢6 gid trj nho nhit la SC.
Do d6 v (x+ ylx+z)}y+z)=0thi BET s& trds
thainh dang thirc.

10C
iy ta c6 thé gia sir ring nén 3"‘_“3’ CEE .
(x+)x+2)y+2)=0 va phi chimg (o Niign xét, Rit tiée 1 Toa sogn khong nhin duge b
181 i ¥
Jiﬂ‘.‘.if.r’ +J-‘+:‘+1}r+xz+}.z;[ (3). gidi ndo cho bai niy. | .

Vildsy 424 miyd=F 4y + 2 ryemi

I L# I:'Ih"“
nén (3) > %,s.r’ +y'+2 s xy4aztye

#S-Eix’ - y‘ +z’¢,{:+ y—ﬂ:}"

T - -




il

GIAlPAP:  CODBUNG P KHONG »
.'_ilf ; g rén THE Trsd .‘;I thin
81 ridigny

iy fieh sai fame, | A 2k chug ;

_||'1;-|rl l_hl 2 1En qllf!'—t ," thi ha.

' hi . ham 56 di ¢6 gid 1 Lom ntht 1
o hat A& khi I|L VAR "il'h'-

f

4 do ch ga i ldm nhit thi chira 13 i

i L | dﬂ dﬁ ﬂ-ﬁ hhﬂn m
i » rong khi gig t ndy Jam o him
&

| AL Ir-l:l-"l.'-: e rrl Il'rl'l "h l1
| L gigi dung. Ba niy cd

thé diing khio si him s& aé
| mién Jufin gid trj 16m nhit, Nhirng I1E11 noi kién thire 144
| Jiai cia ban Nam, ta cb thé hoin chinh nhur say: LEF

: : Lay

| shpdc Vo Lip ga

in cia ham s6. Khi 44 ton I xelR
| sa0 cho

- <> (y=Dx* Fiv+mlx+ y+3=0),

| . 5 |
o 2

Neu v=1 thi (1+mx=-4_ Khi db d& 10n tai x thi
me—l. Néu y=1, dé ton i = tirc PT trén phai c6
nghiégm x hay AZ0&3y +24-my—m —12=0,

Gidi ra duge

4 —2Jm’ Em+--]_. {m—-# +20m —2m+13
< 3 :

i = <y

5
2

Syv ra gid tri |om nhit cia y (theo m ) la

m—=4+2 m'
3
P)é thoa yéu ciu bai todn thi

m—4+2dm =2m+13 o
3
Gidi BPT trén dwge: —=2- 2I£m5-2+2~r
Do d6 céc gid trj nguyen thoa
""Er 2245, -E+2£J‘t{-1} Tir dﬁ
“EH}'EH cia m 1i {=6;-5i—% =3; -ﬁﬁihﬁf

Ry

gid trj nguyén cua m . E@i“bhm‘ﬁ' =

~2m+13

“"ﬂlﬂh

tich Mg
B T ch phie & o 127, il g0 o
M’”"?'Iﬂfﬂnmﬁﬂmnﬂum !

[2:2). bid I“ fiﬁ}dt-—l.r,f{-lt}a'.:#:,
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