PHUONG PHAP GIAI

HE PHUONG TRINH BA AN

/ |

. Bai tap

ax+by+tcz=d

1 HPTdang ya,x+b,y+c,z=4d, (1)
ax+by+cz=d,

a.b.c eR; i=123.
Str dung phuong phdp cdng va phuong phap the ta dua
Ax =8B
he (1) vé hé cd dang: Ax+By=C,
Ax+By+C,z=D

(he tam giac) 1ix d6 tim duoc x, y, 2.

x+y+z=1
Thi du 1. Giai HPT xX+2y+4z=28
x+3y+‘12:2’r

Loi gidi. Trirve véi vé (2) va (1) taco: y+32=1
Trirvé véi vé (3) va (2) taco: y+52 =14
Trirvé véi vé (5) va (4) tacéd: 22 =12

22=12
Tacohe { y+3z2=1% ,
X+y+z=1
do do: (X; y;z) = (6; —11;6) :

Vay he dd cho cé nghigm: (x, y,z) = (6; —11;6).

X+y=a
2 HPT dang y+z:b(M(mhceR»
z2+x=c

X 1 i
Tir (11) suy ra x+y+z:z(a+b+c)( )

Tir (*) va cac phuong trinh ca hé (11) st dung phuong phap
cdng va phuong phdp the ta tinh duoc x, y, 2
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i
X+y

Thidu2 GaiHPT {2225
y+2

z2X -3

2+ x
Loi gidi. DK: (X+y)(y+z)(2+x)¢0.

Tirhe suy ra xyz # 0, do d6 bién ddi ta nhan duoc hé :

1+1:’| 1+1:1
X oy Xy
fii g
—t—=— —t—=—
Wiisie g - i
Gl
i Ly o
Zinping ST HHHE- T -
HitEn
2 12
1 5 12 12
Si—=—S(xy2)=| ——; 12
T g = o)~ 5]
1_1
y 12
12 12
Vay hé dd cho ¢é nghiem: (x; y;2) =| —;—; 12 |;
y ghiem: (x: y:2) (5 = j
X+2y+32:3
Thi du 3. Giai HPT {2x +3y +2=2.
3xty+22=1%

Léi gidi. Cong vé véi ve 3PT ciahé tacd: x+y+2=2.
X+2y+32=3

Khidotacohe <2x+3y+2=2
xXty+z=2

Trir vé véi vé 2 PT ddu cta hé véi PT thirba ta duoc he

y+2z=1
x+2y=0
X+y+z=2
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Trir vé véi vé 2 PT ddu ctia hé véi PT thir ba nhdn duoc hé

x=1+2
y:2—2

X+ty+z=2 1+2+2-2+2=2
x=2

SN y=-1

z2=1

Vay he dd cho cé nghigm: (x,y,z) = (2; —1;1).

Xy =a
3HPT dang § yz =5 () (véi abc >0 ).
2x=c
T (1) suy ra xyz = ++/abc (*) ).
T PT (*) vacac PT caa (1) tim duoc x, y, 2.
X+xy+y=1
* Thidub. Gigi HPT < y+ yz+2=3
2+ax+x=1
(Be thi TS vao khai chuyén toan, chuyén tin trung HH
KHTN ndm 1995)
Lai gidi. Tacd :
X+xy+y=1 X+xy+y+1=2
ytyz+z=3 y+yz+z+1=\4
2+ax+x+1=38
(x+1)(y+1)=2
Rt (y+’|)(2+1):q
(z+1)(x+1)=8

= (x+1)(y +1)(2+1) =28(1)

2+ax+x=1

Chia vé véi vé PT (1) véi cac PT cta hé ta nhdn duoc 2 HPT
2+1=4 2+1=-4

sau: < x¥+1=2 hodic {x+1=-2
y+1=1 y+1=-1

Tir d6 tim duoc nghigém (X; y;z) clia hé la:

(1:0:3).(-3-2-5).

3xy—x—y =3
Thidy 5. Gidi HPT {3yz—y —2=13
zx—2—-x=35
(Be thi TS vao lop chuyén todn, chuyén tin truong THPT
chuyén Humg Yén ném 2008)
L&i gidi. Taco:
3xy—x—y=3 Uy —3x-3y+1=10
3yz—y—2=B < 9Yyz-3y-32+1=40

3z2x—z2—x=5 92y —32—-3x+1=16

(3x=1)(3y -1 )—10
<13y -1)(32-1) =4
(32-1)(3x-1) =16
(3x 1)(3y )(32 1):i

Lam tuong fu thi du 4 ta nhdn dugc cdc nghiém (x; y;z)

la: (1 2; 3) (—% —%;—%}.

Thi du 6. Gigi HPT

X’y —4y+x° =6
oy —yz° —z* =4
Ox? +4z% — x*z2 = 46
X’y —4y+x° =6
Loi giéi. Taco: ¢ 9y —yz> —z° =—4

Ox® +4z% — x?2? = 46

X2y —4y+x*—4=2
<< 9y-yzP-7°+9=5
Ox® +4z% —x*z° -36=10

= («* —u)(y+1)(1-2*) =+10

Lam fuong fu thi du 4 ta nhdn duoc 8 nghiem
(xiy:2) = (\/2;0;2).(—\%;0;2).
(\/Z;O;—Z),(—\/Z;O;—Z),
(\/E;—Z;\/E).(—\/E;—Z;\/E),
(\/E;—Z;—\/E),(—\/E;—Z;—\/E)
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(X+y)(y+z) =‘-lxy22 ('I)
* Thi du ¥. Gigi HP (y+z)(z+x)=l|yzzx (2)

(X+2)(X+y)=lIZX2y (3)
(Bé thi TS vao khéi chuyén toan, chuyén tin trudng
DH KHTN ndm 1994)

=0
L&i gidi. Néu x =0 thi tix (1) suy ra { 4
y =

4
= (x; y;z) = (0; 0;0) la nghiém HPT. Tuong tu, néu
y =0 hodc z =0 thi ta ciing dugc

(x; y;z) = (0; 0;0) la nghiém HPT.

Neu xyz # 0 nhén vé véi vé 3 PT cia hé va sau 46

khai phuong 2 vé ta co:

(x+ y)(y i 2)(2 +x) =18x°y?2%.
X+y=2xz X+z2=-2x2

Suyra X+ y =2xy hodc X+y=-2xy
y+z:2yz y+z:—2yz

Tir d6 tim duoc nghiém (x; y;z) cha hé la:

(1%1). (- —1—1).
6X(y2 +22) =13yz
* Thi du 8. Gidi HPT {3y (2* + x* ) = 52x
62(,\/2 + yz) =5xy
(D€ thi Olympic 30-4 ngim 2000)

Loi gidi.

=0
Néw x = 0 thi tir (1) = [y nghiém.
2=0
Tuong tu, néu y = 0 hodc 2 =0 thi ta tim duoc thém
(XO;O;O) (Véi X, tuy y thuéc R )
la nghigm.
Neu xyz = 0 khi d6 bien doi hé da cho ta duoc:

6 6
ﬂ_'_éﬁ:ﬂ i+6£:13
< Y 4 Y
bxy byz bxy byz
B L7 e By
z X z X
6 6 6
6£+£:5 xy+6xz+ y2='|‘-|
y X 2 4 X

6yz_

o =1
= 6£:9:>xy2:1.5uyrq: yzzi.

y 6 4

bxy 22:1

_:Cl Cl

z

Véi xyz >0 tacé cac nghiém cta HPT nay La:

2’3 2 R 23

Vay he dd cho cé cac nghigm:

2’3 2’3 2’3 2’3

(O;O;Zo)'(0;}’0?0)'("’0;0?0)(’“0'}’0'20 eR).

F(X,y,z)zO
4 He dang < F (y.2,x) =0 (IV)
F(z,x,y =0

(h& hoan vi vong quanh).

Thdng thuong khi giai hé (IV) ta st dung phroong
phap danh gid, s dung bat déng thic, d6i khi st dung
tinh chdt dng bién, nghich bién ctia ham s8 dé ching
minh x = y = 2, 10 d6 fim nghiém cia HPT.

X—\/;:’I

Thi dy 9. Gidi HPT { y —/z = 1.

z—\/;=1

Loi giai. De thay x,y,2>1.
Do HPT khéng ddi khi hoan vi vong quanh x, y,z nén

>
ta cé the gia st x = qu{x, y,z} hay {X it }/'

Ta cé: y—\/;:'lc> z2=(y—1°,dodo

2—x =1 x =(z-17

X2z
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x>y thi (=12 > (x -1
>z-12x-1=>2z2x=>x=2.5uyra y =x.

V6i x = y =2z qidi PT x—\/;—'l:O duoc nghiém

3445

2

théa man dieu kien x >1.

3445

2

Vay HPT co nghigm x = y =2 =

2

2

4
Zi;

< X
I

*Thi du 10. Gigi HPT

2

N
I

X
Loi giai. Tkhe suy ra x,y,2>0.
Ham s8 £ (#) = #? déng bién trén (0;+0) va HPT da
f(x)=y
cho c6 the viét dudi dang : f(y)zz
f(z):x
Do hé khdng ddi khi hodn vi vong quanh x, ¥,z nén fa
i X2y
6 the qid sir x = v.2¢ h :
c6 the gia sir x qu{xyz} ay {xkz
Véi XZy:f(x)Zf(y) = y2z
:>f(y)2f(2):>22x:>2:,\’:>y:2.
Do d6 x = y = z. Gidi phuong trinh x* = x ta duoc
x=0,x=1.
Vay he c6 nghiem (x; y:2) la: (0:0;0);(%%:1).
Y- +23x-21=0
Thi dy M. Gigi HPT 4 2° =92 + 21y —21 =0
X =92 +212-21=0

Lai gidi. Cang vé véi vé 3 PT cua he ta duoc:

(x=3) +(y =37 +(2-37 =0(1).

Neu x =3 thitaduoc y =6,2=0 holic y =2=3.
DEé thdy chi c6 (X; y;z) = (3;3;3) théa man hé.

Neu x >3 thi y° —21 =" —=23x >0

et T gt

Tuong tu, néu y >3 thi 2 >3, mau thuan véi (1). Neu
x <3 thi fa suy ra duoc y,z <3, méu thuan véi (1).

‘ Vay HPT c6 nghiém duy nhat (x; y;z) = (3;3;3)

Thi dy 12. Gigi HPT

L& gidi. DK: 0< x, y,2<2 (1)
St dung bdt ddng thitc Bunyakovsky ta c6 :

Jr+\2—x <P 4P Jx+2-x=2

2
=5 —_ 1
Ty
Jx 2

(déing thirc xay ra < P

et )
1

Tuong fu:

2 2
iy i

T HPT ta cé:

2
|y|_\/;+\/2—x

2|2|:

2
ezl =

Gi2:
2

H e | el T

L hlab

:‘x‘z‘y‘z‘z‘:x:yzzzl (thda man) HPT da
cho)

Vay HPT c6 nghiém (x; y32) = (%41).
5, Phuong phdp the

x+y+z=12 ()

Thi du 13. Gidi h& phuong trinh: {x(y +2) =20 (2)
y(x+2)=32 (3)

Lo gidi.

T (1), (2) ta cé:

x=12-(y+2z)
20 (do y+z#0)
y+z

:>12—(y+z):£:>y+2:2
+z

hoac y+z=10.
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Néuy+z=2 tacéx=10,
do vay {y+z=2 :{y:4,22—2
y(10+2z) =32
Néuy+z=10 taco x =2,
do vay {y+z:10 :{y:&z:Z
y(2+2z)=32 y=4,2=6
Vay hé c6 nghiém
(x,y,2) €{(10;4;-2),(10;8,-6),(2;8;2),(2;4:6)}
Vi dy 14: Giai hé phuong frinh :
Xz2=x+4 Q)
2y* =txz-3x-1  (2)
x4y =35-2° ()
(Vong 1Kh6i THPT Chuyén - Dai hoc Surpham Ha N/ ,
ndm hoc 2006 - 2007%)
Lai gidi.
T (1) tacé: X = xz—4, thay vao (2) ta duoc:
2y? =Txz-3(xz-4)-14 & y* =2xz-1
thay vao (3) ta co
x> +27* =36-2xz
< (x+2)° =36 = x+2z=16.
Néux+z=6<z=6-xXx
thay vao (1) ta c6 x> —5x+4=0
=x=1x=4.
Néu x+z=-6 = z=-6—x thay vao (1) ta c6 x
(1,-3;5),(1;3;5),

(4:15;2),(4,/15;2),
—7+33 = -5-/33
{T’@—z j

[—_7 +2\/§ L L _zﬁj

Vi dy 15. Gidi hé phuong trinh
X+y+z=6 (1)

Vay (X;y;2) €

xy+yz—zx=%1 (2)

X yi+2t =14 (3)
(Vong 1Kh6i THPT Chuyén , Dai hoc Surpham Ha NG,
ndm hoc 2005 - 2006)

L&i gidi. Tir (1) va (3) ta co:
(W +y?+2°)+2(xy + yz + 2x) = 36
< M+ 2(xy + yz +2x) =36
Sxy+yzrax=1 (4)
Tur (2) va (4) ta cé: xz =2, thay vao (1), (2) ta duoc:
{y +(x+2)=6

=3, =3.
yx+2)=1 e gt

Tir do suy ra hé cé nghiem (x; y;2) € {(2;3;1),(1;3;2)}

X+ xy+xz =48
Vi du 16.Gidi hé phuong trinh: < xy + y* + yz =12
xz+yz+2° =84
Léi gigi. Cong timg vé clia cac phuong frinh ta dugc
X+ y? +2° 4+ 2(xy + yz + 2x) = 44
St+y+2l =M x+y+z=112
Néu X +y+z=12 tacé:
x(x+y+2)=48
yx+y+2)=R=x=4y=12=1
2(x+y+2)=84
Tuong tunéu x + y +2=-12 tfaduoc
x=-b4y=-12=-1%
Vay he c6 nghiém (x; y;2) € {(‘l;’l;’f),(—‘I; % —’f)}
5, Phuong phdp danh gia
A1,
it
2 1

£y
xy 2

Vi du 13. Giai hé phuong trinh:

Lai gidi. Dieu kién: x, y,2 # 0

bat a=1,b:1,c=1 ta duoc:
X

y 2
a+b+c=2 a+b=2-c
Pt
2ab—c* =4 2ab=4+c*
Do d6 g, bla cac nghiém cla phuong trinh:
Y+ c?

#—(2-c)t+ =0

A=—(c+2) <0=c=-2=a=b=2
111

Do d6 hé c6 nghiém (x; y;z) = (557]
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(x2 + l)y =2x?
BAi 18. Gidi he phuong trinh: 1 (y* +1)z =2y
(22 + l)x =27°
Lo gidi. NEu mét trong ba s8 x, y, zc6 mdt s8 bdng 0, ching han x= 0, thi dé dang suyra y =z =0
Vay x = y = z = 0la mdt nghiém cla he.
Neu X,y,z#0 suy ra x > 0 y > 0 2z > 0 va nhin v& véi V€ cic phuong trinh cia hé ta duoc:
(x> +1)(y +1)(2 +1) =8xyz (1)
Mat khac, x* +1>2x,y” +1>2y,z”> +1>2z nén (x2 +1)(y2 + 1)(22 - 1) =8xyz
Theo (1) thi ddu béing & bat ddng thic trén phai xdy ra. Txdosuyra x =y =z=1
Véy hé cé nghiém (x;y;2) € {(O;O;O),(l;l;l)}
4> =2y’ +y+1 (1)
Bai 19. Giai hé phuong trinh: 4y’ =27 +z+1 (2
477 =2x> +x+1 (3)

2
Loi gidi . Ta cd 4x° :(y+%j +y2+%>0:>x>0 fuong tytacoy >0,2>0.

Neux>y = 4x’ >4y’ hay 2y’ +y+1>272> +z+ 1=y >z = 4y’ > 47’
hay 22° +z+1>2x> +x+1=>z>x , vélis
Tuong fu y > xvo Li. Vay x = y
Chimg minh tuong tytacé y =2 dodé x =y = 2.
Thay vao (1) ta duoe: 4x” —2x* —x—1=0<> (x =1)(4x* +2x+1) =0
Vay hé c6 nghigm x =y=2 =17

X=y +y +y—12
Bai 20. Gidi h¢ phuong trinh:{y = 7° + 2 + 2 —12

=X +x"+x-12
Loi gidi. Xétham s8 £(t) = > +t* +t—12 ta chimg minh £(#)la ham s& dénq bién.
Véi t,,t, batkima t, <t, ,facd

£(t) - £(t,) =6 — 3 +6 =6 +1, —t, =(t, —t,)(6] +t,6, + 8 +1, +1, +1)

- %(tl—tz)[(tl+t2+1)2+tf+t§+1}<0

Do d6 f(t,) < f(t,) nén f(t,) la ham s8 ddng bién.

NEu x < y thi flx) < fly)hay z < x = f(z) < f(x) hay y <2 (vé (i)

Tuong tuy tu y<2vé lidodo x =y = f(x) =1f(y) hay x = 2

Vay x =y = 2 tird6 ta co X3+X2—12=0<:>(X—2)(X2+3X+6)=0
Vay hé co nghigm x =y =2 =2
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2

2y
2
y +1
Vi dy 24. Gidi hé phuonq trinh 32 X
. Gidi hé phuot =
: it 7t +72 +1
4x*
6 2 2 =y
X +xXT+x"+1

=7

L7 gidi. DE nhdn thdy rang néu mat trong ba s6 x, y , 2 bang 0 thi hai s& con Lai ciing bang 0
Neu xyz # 0, tirdé suy ra x, y, 2 la cac s6 duong
2

2
Tacd y(y’ +D)=y’ +y>2y’ = y> zy =7z
y +1
4 2 5 3 3Z2
Wz +2°+D)=2"+2 +2232=>22—F—F——=X;
z'+z +1
6 4 2 7 5 3 4x*
X(X°+X +x°+D)=x"+x"+x" +x24x > =y

X +xtexi+1
Tird6 suy ra x =y = 2, thay vdo phuong trinh dduraduwocx =y=2=1.
Véy hé cé nghiém (x;y;2) € {(O;O;O),(l;l;l)}

x+y2+ 7’ =14 (1
Vi du 22. Gidi hé phuonq trinh:
Preen3 L+L+i bt [l | 2)
2x 3y 6z){2 3 6
Lor gidi.
(2)<:>(§+2+1j(3x+2y+z):36@6(§+XJ+3(§+EJ+2(E+XJ:22
X y Z y X Z X Yy VA

Mat khdc so &, y, 2> 0, p dung bat dang thic C8-si ta co:
6(§+X]+3(§+Ej+2[£+lj >62+32+22=22
y X z X y z
Bing thic xay ra khi x = y = 2> 0. He c6 nghiem (x; y; 2) = (2: 2: 2)
{x +y+z =6 (D
Vi dy 23. Gidi hé phuong trinh: B
X'+y ' +z" =6xyz (2)
Hubng dén gidi
Ap dung bdt ddng thic a® +b” > 2ab tacs a’ +b* + ¢’ > ab+bc +ca
=x*+ y4 +z4 > )(2y2 + yzz2 +2z°x°
Mat khac x°y” +y°z> + 2°x° 2 Xy z+ yz’X + zxy = XyzZ(X + y + Z)
=x'+y' +72' 2xyz(x +y+2z)=6xyz (do X +y +z =6)
Theo d€ bai, ddu bing xay ra, nén x =y =2 = 2.
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. Bai tap van dunyg

bx—y+4z=0
Gidi HPT Jx +5y —22=3
—x+8y—22=1

Ny 2
\/;+\/; 3
T O e e O

y+Nz 3

a3
Jz+x

BS: (x:y52) = (149).

x+xy+y:1

&‘

&‘
k‘

Gidi HPT Sy + yz+2="4
2+ax+x=1

(D& thi DH Thuong mai 199%) BS: (x; y:2) = (10;4),(-3;-2-6).

Gidi HPT { y/xz =

X(x+y+2):2—yz
Giai HPT y(x+y+2) =3-2x DS (x;y;z) = (0;1;2),(0;—1;—2).
z(x+y+z)=6—xy
3 2

Giai HPT y3 +y2 +y—-2=20S (X;y;z):('l;’l;'l).

P22 +z2-2=x

Yy —bx*+12x—-8=0
iai HPT {23 —6y2 +12y—8:0 pS: (X;y;z) =(2;2;2)
X622 +122-8=0
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